INVARIANT MEASURES AND MAXIMAL L? REGULARITY FOR
NONAUTONOMOUS ORNSTEIN-UHLENBECK EQUATIONS

MATTHIAS GEISSERT, ALESSANDRA LUNARDI

ABSTRACT. We characterize the domain of the realizations of the linear parabolic op-
erator G defined by (1.4) in L? spaces with respect to a suitable measure, that is
invariant for the associated evolution semigroup. As a byproduct, we obtain optimal
L? regularity results for evolution equations with time-depending Ornstein-Uhlenbeck
operators.

1. INTRODUCTION

Finite dimensional Ornstein-Uhlenbeck operators are elliptic (possibly degenerate) dif-
ferential operators of the type

Lo(x) = %Tr (BB*DZcp(:L')) + (Az,Dy(x)), = €R",

where A, B are given nonzero matrices. They are prototypes of Kolmogorov operators,
and have been the object of several studies from the probabilistic and the deterministic
point of view. The theory of linear elliptic and parabolic equations involving an Ornstein-
Uhlenbeck operator, such as

(1.1) Ao(x) = Lo(x) = f(z), = eR",

u(t, x) + Lu(t,z) = g(t,x), t >0, z € R",
(1.2)
u(0,2) = p(z), z € R,

is now well developed, both in spaces of continuous bounded functions, and in LP spaces.
See e.g. [DPZ92, Lun97a, CG01, DPZ02, MPP02, MPRS02, FL0O6]. The most natural LP
setting for Ornstein-Uhlenbeck operators (as, more generally, for Kolmogorov operators)
are not the usual LP spaces with respect to the Lebesgue measure, but LP spaces with
respect to an invariant measure (, that is a Borel probability measure in R™ satisfying

(1.3 [ roedac=[ wdc >0 peam,

where T'(t) is the Ornstein-Uhlenbeck semigroup. Indeed, invariant measures arise nat-
urally in the study of the asymptotic behavior of T'(t), and the realizations of £ in LP
spaces with respect to invariant measures are dissipative, and therefore they enjoy nice
analytic properties.
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The aim of this paper is to extend a part of the theory to nonautonomous problems
with time depending Ornstein-Uhlenbeck operators. Precisely, we consider the parabolic

operator in H,>(RM")

(1.4) Gu(t,z) = Owu(t,x) + L(t)u(t,)(x), teR, zeR",
where L(t) are given (on HZ_(R")) by

(1.5) L({)p(x) = %Tr (B(t)B*(t)Dip(x)) + (A(t)z + f(t), Dap(z)), «€R",

with continuous and bounded data A, B: R — L(R") and f:R — R".
As in the autonomous case, the operator G arises from linear stochastic Cauchy prob-
lems in R",

dXy = (AW Xy + f(t))dt + B(t)dW(t), t>s,
(1.6)
X, =z,

where W (t) is a standard n-dimensional Brownian motion and s € R, x € R"™. Indeed,
it is well known that, denoting by X (s,t¢,x) the solution to (1.6), for each t € R and
¢ € CZ(R™) the function u(s,z) := E(p(X(s,t,))) satisfies the backward Kolmogorov
Cauchy problem

us(s,z) + L(s)u(s,x) =0, s<t, x €R",
(1.7)
u(t) = ¢(x), x € R™

See e.g. [GS72, KS91]. However, our approach is purely deterministic and it relies on the
study of the backward evolution operator Ps; for (1.7) and of the associated evolution
semigroup.

Throughout the paper we assume that G is uniformly parabolic, i.e. there exists pg > 0
such that

(1.8) [B(t)z] = pollzll, teR, zeR"

Moreover, we assume that the evolution family U (¢, s) generated by A(-) is stable, and
we denote by wo(U) its growth bound. In other words,
wo(U) :=inf{ weR: 3IM = M(w)such that
(1.9)
|U(t,s)|| < M=) —0o <5<t < oo} <0.
While in the autonomous case these assumptions imply existence and uniqueness of a

probability measure ( satisfying (1.3), in our nonautonomous case there does not exist a
unique ¢ such that

/ Powpd(= [ ¢d{, s<t, ¢ Cy(R"),
Rn Rn

but we can find families of measures {p; : ¢t € R}, called entrance laws at time —oo in
[Dyn89] and evolution systems of measures in [DPRO5], such that

(1.10) / P o dps = / odug, @€ Cy(R"), s<t.
R Rn
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Such families of measures are infinitely many, and they are characterized in Section 2.
Among all of them, the simplest one consists of the Gaussian measures v, defined by

(1.11) vy = Ng(t,—oo),Q(t,—oo)a teR,
where
t t
g(t,s) = /U(t, r)f(r)dr, Q(t,s):= /U(t,r)B(r)B*(r)U*(t, rydr, —oo<s<t,

and we denote by N, ¢ the n-dimensional Gaussian measure with covariance operator
() and mean m.

With the aid of the measures 14, we construct a Borel measure in R™™ as follows:
for I € B(R) and K € B(R"), we set v(I x K) = [,14(K) dt, then v is extended in a

standard way to a measure on B(R'*"), still denoted by v.
We define G : D(Go) C L*(R*" v) — L2(RY" v) by

(Gou) (t,x) = Gu(t,z), x=€R", teR, ue D(Gy),

where D(Gy) is a core of nice functions; precisely, it is the linear span of real and imag-
inary parts of the functions u of the type u(t,z) = ®;(t)e®" ")) with ®; € C}(R) and
hj € C}(R;R™). Then v is invariant for Gy, in the sense that

(1.12) / Gou(t,z)dv =0, wu € D(Gy).
RxR™

A fundamental property of the realizations of second order elliptic and parabolic operators
in L? spaces with respect to invariant measures is their dissipativity. In fact, since
Go(u?) = 2uGou + |B*D,ul? and the integral of Go(u?) vanishes, we get

1
/ uGou dv = —/ |B*D,ul? dv <0,
R1+n 2 R1+n

so that (u, Gou) 2 < 0 for each u € D(Gy). Being dissipative, G is closable. Its closure G
is dissipative and has dense domain because D(Gy) is dense. G is the natural realization
of G in L*(RY™ 1), as next theorem 1.1 states.

For k, s € N we define the Sobolev spaces

HF (R 1) = {ue H{Z’j(RH”) 0 e LA(RY™,v) for all 0 < 1 < k,
D% € L*(R'™,v) for all |a| < s}.
Our first main result reads as follows.
Theorem 1.1. We have
D(G) = H"*(R*™ 1) = {u € HY2(RY™) 0 L2(RM™ 1) : Gu € LE(RM™, y)} .

Note that v is not a probability measure, because of the Lebesgue measure with respect
to time in the whole R. To avoid this drawback we may work in spaces of time periodic
functions, assuming that also the coefficients A, B, f are periodic with the same period
T. Then #v is a probability measure in (0,7) x R™.
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To be precise, let Li(RH") denote the Hilbert space of all Lebesgue measurable

functions v : R™" — R such that u(t,r) = u(t + T,z) ae. t € R, x € R" and
ul 0,1y xrn € L?((0,T) x R™ v), endowed with the norm

1 T 1/2
U (/ / u(t, z)?du dt) .
T Jo Jun

Similarly as above, and as in [DPL06], we define G# : D(GO#) C Li(RlJrn, v) —
L%& (R'*™ ) where D(G# ) is the linear span of real and imaginary parts of the functions
u of the type u(t,z) = ®;(t)e®m®)) with T-periodic ®; € C*(R) and h; € C*(R;R™).
Again, G# is dissipative, hence closable, and its closure G# generates a Cy-semigroup
(P¥),>0 of contractions on L (R, v).
For k, s € N we set
Hy* (R v) o= {u € Hid(RM™) : 9ju € LRV, v) for all 0 < I < k,
DSu € Li(]RH'", v) for all |a| < s}.

The description of the domain in the T-periodic case reads as follows.

Theorem 1.2. We have
1,2
D(Gy) = HPARY™,Y)
- {u € HE2(RY") N L2 (RY™, v) : Gu € L (R, u)} .

This characterization yields that D(Gy) is compactly embedded in Li(RH‘",V),

through the compactness of the embedding H;E’Q(]RH'", v) C Li (R'*" 1) that we prove
in Section 5.

Theorems 1.1 and 1.2 may be seen as maximal regularity results for evolution equations

with time in R,

(1.13) u(t,x) + L()u(t,z) = h(t,z), teR, zeR",

with datum h € L2(R'*" v) (respectively, h € Li(RH”, v) in the periodic case), since
they state that if u € L2(R", v)NH Y (R, v) (resp., u € L% (R, )N H, 2 (R1H", 1))
satisfies (1.13) then u; and each second order space derivative D;ju belong to L*(R*", v/)
(respectively, to L7, (R, v)).

Concerning solvability of problem (1.13), we remark that it is not a Cauchy problem
and we do not expect existence and uniqueness of a solution w for any h; in fact, it is
not hard to see that 0 is in the spectrum of G and of G4. (The spectral properties of G
and of G4, as well as asymptotic behavior of P, will be studied in a forthcoming paper
[GLO7)).

Note that problem (1.13) cannot be seen as an evolution equation of the type u/(t) +
L(t)u(t) = h(t) in a fixed Hilbert space H, because the Hilbert spaces L?(R"™, ;) involved
here vary with time. So we cannot use the techniques of evolution equations in (fixed)
Hilbert spaces.

Our procedure is the following: we use the fact that G' and G4 are the infinitesimal
generators of the evolution semigroup

(1.14) (Pru) (t,z) = (Prpyru(t+71,)) (), teR, ze€R", 7>0,
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in the spaces L?(R'*" v) and Li(RH”,u), respectively. We prove optimal blow-up
estimates for the space derivatives of Ps;p near t = s for any ¢ € L*(R™,14) and any
multi-index «a,

(1.15) DS Ps tll 202 (Rn 1), L2 (R )y < C(t — 5)
that yield optimal estimates for the norm of P, in L£(L?(R'" v), H%*(R*" v)) and
in E(Li(RH”, u),H%’k(R””, v)) for k € N, near 7 = 0. Then we use an interpolation
theorem that gives optimal embeddings for the domain of the infinitesimal generator of a
semigroup T'(7) from optimal estimates on the behavior of T'(7) near 7 = 0; in our case it
gives D(L) C (L*(R'",v), H**(R'*™ 1)) 5 5. The latter space is readily characterized
as HO2(R1F7 v).

The crucial step are the smoothing estimates (1.15) that are quite similar to the

corresponding estimates in the autonomous case. Together with (1.15) we obtain also
optimal estimates for t — s — o0,

(1.16) DS Patll £(22(Rn i), 22 (R )y < CeES) 0t — 5> 1,

~lal/2

0<t—s<1,

where w is any number in (wo(U),0) and C' = C(a,w). These estimates will be the start-
ing point of the study of spectral properties and asymptotic behavior of the forthcoming
paper [GLO7].
The characterization of the domain of G in Theorem 1.1 allows us to study maximal

L? regularity in backward Cauchy problems such as

us(s,z) + L(s)u(s,x) = h(s), s e (Th,Tz), x € R",
(1.17)

u(To,z) = o(x), x € R™.
with fixed T3 < T5. Note that we do not assume the coefficients A, B and f to be
(T — Th)-periodic.

Theorem 1.3. Let Ty < Ty. For each h € L*((T1,T2) x R™,v) and ¢ € H*(R",vp,)
there exists a unique solution u € HY2((T1,Ty) x R™,v) of (1.17). Moreover, u satisfies

(1.18) lull oz 1) xre ) < C (HhHL2((T1,T2)an,u) + HSOHHI(Rn,uTz)) :
where C > 0 is independent of h and .

The assumption ug € H'(R", vr,) is necessary for u € HY2((T1,Tz) x R™,v) because
H'(R™, vp,) is the space of the traces u(Th,-) of the functions v € H2((Ty, Ty) x R™, v).

This paper is organized as follows. In section 2 we characterize all the families of
probability measures {yu; : t € R} such that

/ Psyp dus = / e du, e Cy(R"), s <t,

and we show that the measures 14 defined in (1.11) are the unique ones satisfying

sup/|a:|aut(d:1:) < 400
teR

for some « > 0. The proofs of the domain characterizations are given in Sections 5.1 and
5.2, respectively. Estimates (1.15) and (1.16) are proved in Section 3. The characteri-
zation of real interpolation spaces between L?(R'*" v) and H%*(R'*" v) and between
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L% (R™",v) and H&k(RH”, v) is given in Section 4. Finally, the proof of Theorem 1.3
is given in Section 6.

2. PRELIMINARIES AND NOTATION, INVARIANT MEASURES

We recall some general facts about time-dependent Ornstein-Uhlenbeck operators and
their invariant measures, already partly discussed in [DPLO06].

First of all, for all ¢ € CZ(R") and ¢t € R there exists a unique bounded solution
u € CH2({(s,z) € R : s < t}) of the problem

(2.1) Osu(s,x) + L(s)u(s,z) = 0, xeR™ s<t,
’ u(t,z) = ¢(x), xeR™
The solution u(s, ) := Psp(z) of (2.1) is given by the formula
(2'2) Ps,tgp(l‘) = /‘P (y + g(ta 5))NU(t,s)a:,Q(t,s) (dy)v —00 <5 <t <o0.
R’VL

This has been shown in [DPL06] under periodicity assumptions on the coefficients,
but the proof goes through as well in the general case. It is easy to see that under our
non-degeneration assumption (1.8), for each ¢ € Cp(R™) the function u(s,z) = Ps ()
is still the unique bounded classical solution to (2.1). The associated evolution semigroup
in Cp(R1™) is defined by

Pru(t,x) = Pryrru(t +7,-)(z), 7>0, xeR", teR.

Definition 2.1. A measure v in R is said to be invariant for Py, if

(23) / Prudv = / udv, 7>0, ueCR"")NLY(R™" v).
Rl+n Rl+n

An evolution system of measures for Psy is a family of probability measures (vt)icr in
R™ such that

(2.4) / Py o)y (dar) = / o()(de), € Cy(RY).
Rn Rn

If P;; has an evolution system of measures (1¢)ier, then one can define an invariant
measure for P;, as follows. For Borel sets I ¢ R, K C R" we define v(I x K) =
J;v(K) dt, then v is extended in a standard way to all B(R'™™). It is easy to see that
w is invariant for Pr.

It is well known (Khas’minskﬁ Theorem) that if a Markov semigroup is strong Feller
and irreducible, then it has at most one invariant measure. Our semigroup P is not
irreducible and it is not strong Feller because of the translation part, and it has in fact
infinitely many invariant measures, as the next proposition shows. For its proof, we recall
that the Fourier transform of a Gaussian measure NV, ¢ is given by

~

(2.5) Nino(h) = eitmm=3 Qh) ¢ gn.

Proposition 2.2. Fized any tg € R and any Borel probability measure p in R™, define
a family of Borel probability measures p; by their Fourier transforms,

(2.6) fie(h) = [(U*(t,to)h), te€R.
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Then the measures vy defined by
(2.7) vt = Ny(t,-00) Q(t.-00) ¥ Ht; T ER,
are an evolution system of measures for Psy. Moreover, all the evolution systems of

measures for Py are of this type.

Proof. We remark that a family of Borel probability measures (v4):cr is an evolution
system of measures iff their Fourier transforms satisfy

(2.8) eila(t:9):h) o= (QUSRI G (U*(t, $)h) = Dy(h), s<t, h € R"

Indeed, the left hand side of (2.8) is equal to [, Py, (2)vs(dz) and the right hand side is

Jan (@)1 (dz) if we take p(z) = e@h) - So. if (1;)er is an evolution system of measures

the left and the right hand side have to coincide. Conversely, if ¢ is any continuous

bounded function, there exists a sequence (¢)ren, Where € span{ei@”’h> : h € R"}

such that ||¢rllco < [|@]loo, and limg o0 wr(x) = @(z), V € R™. By (2.8), the equality

Jzn Pspor(x)vs(dz) = [pn or(z)ri(dz) holds for each k, and letting k — oo we get (2.4).
If v is defined by (2.7), then for each h € R™ and s < t we have

eil9(t)h) =3 QMG (1% (¢, 5)h)

= ei(g(t,s),h)—% <Q(tys)h7h>-/i\/‘g(s,—oo),Q(s,—oo) (U* (tv s)h)ﬂs(U* (ta S)h)

1 1

— ei(g(t,s),h>—§ <Q(t,s)h,h>ei(g(s,—oo),U*(t,s)h)—§ <Q(s’_OO)U*(t’s)h’U*(t’s)m[/Z(U*(S,to)U*(t, S)h)
= ¢il9(t,=00) ) =3 (Q(t.—co)hh) (1% (¢, £0) h)

= v (h),

so that (2.8) holds.
Conversely, if (2.8) holds, then the left hand side is independent of s, hence for each
t € R and h € R" there exists the limit

(2.9) lim_7(U*(t, )h) = Dy(h)e 920+ 3 Q6 —o0)h),

Being the pointwise limit of Fourier transforms of probability measures, by the Bochner
Theorem the left hand side of (2.9) is the Fourier transform of a probability measure s,
and for each ¢, tg € R, h € R"™ we have

L, (U™ (t, to)h) = SE]LHOO Us(U*(to, s)U*(t,to)h) = me(h)

because U*(tg, s)U*(t,to)h = U*(t,s)h. Therefore, ji; satisfies (2.6) with p = py,. Now
(2.9) implies
i/\t(h) — €i<g(tvfoo)vh>7%<Q(trfoo)hvh>ﬁt(h)’
hence vy = Ny, —00),0(t,—o0) * Ht- 0
The family of measures (Ng(t,foo),Q(t,foo))tER corresponds to tg = 0 and pg = dg. For a
similar result in a much more general setting (but with f = 0) see [Dyn89, Thm. 5.1]. In

the case of T-periodic coefficients, it is the unique T-periodic evolution system of measures
for Ps4, see [DPLO06]. In the general case, we have the following characterization.
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Lemma 2.3. Let (14)ier be an evolution system of measures for Psy such that

da>0: sup/ |z|“v(dz) < +o00.
teR

Then vy = Ny(t,—o0),Q(t,—o0), for cach t € R.

Proof. Since, by assumption, fRn o(x)v(de) = fRn P 1p(z)vs(dx) for each s < t, it is
enough to show that

Jim [ Puplaus(dr) = /R P(2)N, 1 —s0) 0100y (dT), tER, € CLR™).

We have
/ Py so(@)v(da) = / )N, ) (1o ()

+ /n <P5,t¢(x) - /Rn SD(y)Ng(t,—oo),Q(t,—oo)(dy)> ve(da).

To prove that the last integral goes to zero as s — —oo we estimate the integrand

Ps,tﬁp(x) - /n Qp(y)Ng(t7—oo),Q(t,—oo) (dy)

(2.10)

/n (Ps,tSO(l‘) - Ps,tgp(y))Ng(s,—oo),Q(s,—oo) (dy)’ :

Without loss of generality we may assume that « < 1. Fix w € (wo(U),0). Recalling
that

[W]camn) < ClIYle) " [DY[ %, ¢ € CHR™),
and that

D2Pyp(@)] = |[U(t,5)(Pss(Dg)) ()] < MU |Dg [l s <t, x € R,
we get
|Posp(@) = Pogp(y)] < (2llplloo)' ™ * (M| D] [|oo|z — y[)* := Cre™ ™[z — y|*,
with C independent of t, s, x, y. Therefore,

/n (Ps,tSO(:E) - Ps,t(p(y))Ng(s,—oo),Q(s,—oo) (dy)‘

< C«leaw(t—s)/R |‘T - y|aNg(s,—oo),Q(s,—oo) (dy)
By the Holder inequality we have
/2
/Rn |7 = Y|* Ny (s,—00),Q(s,—00) (dY) < (/Rn |z — y|2Ng(s,—oo),Q(s,—oo)(dy)>

= (J& — g(s,—00)|> + Tr Q(s, —00))*/* < Ca(|z|* + 1),
with Cy independent of s, x. Replacing in (2.10), we get

Py o() —/R O(Y)NG(t,—00),Q(t,—o0) (dy)’ < C10e =) (|| + 1)
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and since w < 0 the statement follows. O
From now on, we shall consider only the evolution system of measures
v := Ny(t,~00), Q1)

and the corresponding invariant measure v for P,. Note that they satisfy

sup/ |z|%v(dx) < +o00, Va > 0.
tGRRn

In contrast to the autonomous case, we cannot expect
/,C(s)go vs(dz) =0, Ve € H*(R",vg),s € R.
However, we have the following Lemma. For its proof, we recall that in the nondegenerate

case det @ # 0 the density py,,g of Ny, o with respect to the Lebesgue measure is given
by

pm(y) = (2m) % (det Q)2 2@ My e R,
Lemma 2.4. Let ¢ € H*(R",v,) for some s € R. Then,

/ﬁ s)p vs(do) /cp@sp(s,x) dz,

where p(s,x) = Pg(s, foo) Q(s,—00)"

Proof. Since span{e*) : k € ]R"} is dense in H?(R",vy), it suffices to show that
/E " yy(dz) = /ei<k’$>85p(s,:z) dz, keR"
R
We have
1 .
/ £(s)eib)y(dz) = / (—2]B*k|2 +i(A(s)z, Y + il F(5), /~c>> ekl (dg)
R"l

S %| B k2 N5, —00),0(s,—o00) (k) + (A(8) VN (5 —o0).@(s,—o0) (k) &)
i (8), k)N (s, —00). Q5,00 (k)

—[- %|B*k|2 + (A(s) (ig(s, —00) — Q(s, —00)k) , k)
+ (£ (), 0) [ Ng(o, o). (5, -0) (F)

= as'/(\/’g(sv_oo)aQ(&—OO) (k) = /ei<k7m>av9p(s7$) dx
]Rn
O

We recall that D(Gy) is the linear span of real and imaginary parts of the functions u
of the type u(t, z) = ®;(t)e 1) with ®; € CH(R) and h; € C} (R;R™).

Lemma 2.5. D(Gy) is dense in LP(R'™" v), for every p € [1,+00).
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Proof. Since v is a o-finite measure on R'™™ then the space of the continuous functions
with compact support is dense in LP(v). Each continuous function with compact support
® may be approximated in the sup norm (and hence in LP(v)) by a sequence of functions
that are linear combinations of products g(t)p(z), where both g and ¢ have compact
support. In its turn, each continuous ¢ with compact support is the pointwise limit of a
sequence of exponential functions ¢y such that ||pgllco < ||¢|leo for each k. The functions
(t,z) — g(t)pr(z) belong to D(Go) and approximate g(t)e(x) in LP(v). Note that if
@ € LPr N LP2(R'*" 1), then the approximation is simultaneous, i.e. the same sequence
approximates ¢ both in LPL(R*" v) and in LP? (Rt v). O

Since Gy is dissipative in L2(R'*" v) (see the introduction) then it is closable. Let us
denote the closure of Gy by G. Then G is a dissipative, densely defined, closed operator.
Moreover, it is the generator of the semigroup P, as the next proposition shows.

Proposition 2.6. P, is a strongly continuous contraction semigroup in L*(R'T" v),
that leaves D(Gy) invariant. Its infinitesimal generator is the closure G of Gy. Moreover
v s an invariant measure for Pr.

Proof. The proof is similar to the one in the T-periodic case that can be found in [DPLO6];
we write it here for the reader’s convenience.
Let u € D(Gyp), u(t, z) = ®(t)e"®"®) and fix 7 > 0. Then we have

PTu(t, I‘) _ / q)(t + 7_)61‘(U(t+T,t)a:+g(t-‘rT,t)—i-y,h(t-‘rT))NO’Q(H_T’t) (dy)

(2.11) = B(t + 1) 9T REH)) I U+ h(t+7)) o~ 3 (QUATDA(t+T)h(t+7))

- \IIT (t)€i<x,U* (t+‘r,t)h(t+7‘)>'
Therefore, P, preserves D(Gp), the semigroup law follows easily, as well as the strong
continuity on D(Gy).

Let us identify the generator of P, as G. The domain D(Gy) is contained in the
domain of the infinitesimal generator L of P,, because for u = ¢(t)e*® ") we have by
(2.11)

d
EPTUh_:O

= (¢/(t) + o (t)(x, W' (t)))e" M) — <§ [B*(O)h(t)? +i(A()z + f(t), h(ﬂ))ﬂ(t, z)

= (Gou)(t, z).

Since D(Gy) is invariant under P, and dense in L?(R'*™, ), then it is a core for L, which
means that it is dense in D(L) for the graph norm. Therefore, L is the closure of Gj.
Since L = G is dissipative, P, is a contraction semigroup in L?(R'*" v).

The fact that v is invariant for P, follows easily from (2.4). O
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3. SMOOTHING PROPERTIES OF THE EVOLUTION OPERATOR AND OF THE EVOLUTION
SEMIGROUPS

In this section we prove estimates for the spatial derivatives of P, 1 with ¢ € LP(R", 1)
and for the spatial derivatives of Pru, with u € LP(R™",v) or u € LL(R™",v).
In order to do so, we first obtain estimates for the spatial derivatives of the density
PU(t,5)a—g(t,5),Q(t,s) OF J\/’U(t7s)x_g(t75)7Q(t’s). For notational reasons we suppress that p de-
pends on ¢, s and x and we shortly write p(y) for py (s s)z—g(t,),Q(t,s) (¥)-

Lemma 3.1. Let o € N§j with |a] = k and let p,q € (1,00) satisfy 1/p+1/q =1, or
(p,q) = (1,400). Then there exists C > 0 such that

—1_a _1 n
(31) Hp pszHLq(R",dx) < CHQ 2(t7 S)HkHU(ta S)Hk7 reR ; t>s.

,8)), differentiating further we

Proof. Since Dyp = p-U*(t,s)Q(t,s)(y — U(t,s)x + g(t
), where

obtain that |[D$p| < p- Po(||A1(t, s, x,y)l], | A2(t, s, z, )]
Al(t, 5>I7y) = U(t, S)*Qil(ta 5)(y - U(t’ 8)$ + g(t, S))’ s,t €R, z,y eR",
As(t, s,2,y) = —U*(t,8)Q (¢, s)U(t, 5), s,t €eR, x,y € R".

and Po(&,1) = Yoy 9j-y Bis€'n for some §;; € R.
The statement follows now immediately if p =1, ¢ = co. If p > 1 then

/|p P <O [l s ) At )

,j€No,i+2j=k gn

By the substitution y = Q(t, s)%n +U(t,s)x + g(t,s), we obtain

/P(y)HAl(t,8,x,y)l!quAz(t,s,x,y)lqu dy
R”

n

=(27T)_2/exp(—IUIQ/Q)IIQ_é(t, $U ()l lU™(t, )Q™ (¢, )U (¢, 5) |7 dn
R

<CQ 2 (t,5)U(t, )| [U*(t,5)Q " (t, 5)U(t, )7 < C|Q 2 (t, s)[[1T2| U (¢, 5) "4+
=C|lQ2 (¢, 5)[|*||U ¢, 5)||".

Summing up, the proof is complete. O

The next lemma provides estimates for Qfé(t, s).

Lemma 3.2. There exist C,5 > 0 such that

1 C(t—s)_% 0<t—s<d
t,s) < ’ ’
1Q z(,s)H_{ C, t—s3>0.
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Proof. Let x € R™. Then, by (1.8),
t

(Q(t, 5)7, 7) :/(U(t,r)B(r)B*(r)U*(t,r)x,a:) dr:/]B*(r)U*(t,r)tzdr

t
> o [ 10"t

Since ||U*(t,r)z — z|| < 3||z|| for t —r < § with some § > 0, independent of ¢, 7, and z,
we obtain

(Qts)z,2) > Bt = 9)lz]?, 0<t-s<a.

Similarly, for ¢ — s > d, we have

t t
Qo)) = [ 1B U Eral? drz [ 1800 r)al ar = 2o
s t—0

By (1.9) we obtain, for w € (wo(U), 0),

t t
Q(t,s)x,z) = / | B*(r)U*(t, r)z||? dr < CM/ =) ||2 dr

1 — ew(t—s)
< CM— |22, t>s.
2|w|

(3.2)

Hence, HQ_%(t, s)|| does not decay for t — s — oco. In other words, the estimate of
Lemma 3.2 is optimal for t — s — oo.

Now we are in the position to prove estimates for the spatial derivatives of P ;p, for
each p € LP(R", 1).

Lemma 3.3. Let o € Nj and p € [1,00). For w > wo(U) there exist C,d > 0 such that,

o C(t — s)lalZewlallt=5) 0 <t — 5 <4,
D% Pl (ze @) Lr@e ) < { Cevlelt=5) ¢t _ 556,

Proof. Since Cy(R™) is dense in LP(R™ 1) for any ¢ € R, it is enough to estimate
DG Ps t|| o (rn 1) for ¢ € Cp(R™). Hélder’s inequality and Lemma 3.1 yield

p
DS Py pp(x)]” =

Do / oy + g(t, $))p(y) dy
RTL

1
< [ let-+ 9t p(w) dy D20l e
Rn
1
= (Putlol?) @)1 P DI oz
_1
< C (Pulel) @)1Q 5t 5) U )]
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where 1/p + 1/qg = 1. Hence, it follows from (2.4) that

_1
DS Pesoll7q,y < CQ72(L8)*IUE, S)Hk/Ps,tMp(m)Vt(dx)
R”

=CllQ = (t, S)IIkIIU(t»S)IIk/\@Ip(fﬁ)vs(dﬂﬁ)

= ClQ7E(t, ) I*IUE ™12l g

Here, we have used that [P € C,(R™). Now, Lemma 3.2 and (1.9) yield the assertion. [

Thanks to the representation (1.14), the smoothing properties of the evolution operator
Ps+, given in Lemma 3.3, yield smoothing properties of the semigroups (P;)r>o and

(PF)r>0-
Lemma 3.4. Let a € Nj and p € [1,00). For w > wo(U) there exist C,6 > 0, such that

. Or—13 ewlalr , 0<t—s<d,
D2 Prll (e g ) < { Celelm | t—5>4.

Proof. By Lemma 3.3, there exist C, > 0, such that

IDSPrull g1 = / / DEPu(t, )Py (dr) df = / / DEP g rult + 7,2) Pry(da) dt
R R” R R
<CK(t //|u (t+7,2)Prepr(dz) dt, w e LP(RY™ v),
R R™
where

el g<t—s<s,
K(T) T { w|a|T t— s> 6.

Now, the lemma follows from the substitution s = ¢+ 7. Indeed, for each v € LP(R*", v)
we have

[ [ 1t rolmras) de= [ [ ots,a)pus(ae) ds = ol gien,
R Rn R R»
O

The proof of Lemma 3.4 can be easily carried over to the T-periodic case and it is
therefore omitted.

Lemma 3.5. Let o € Njj and p € [1,00). For each w > wo(U) there exist C,§ > 0, such
that

Or= 5 evlalr 0<t—s<9
@ n < ’ ’
IDZPrll £(2r, (m1+n,0)) < { Cevlolt  {_ 5>
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4. THE SPACES HM3(Rt" 1) AND H?’;S(RH”, V)

In this section we show some properties of the spaces H**(R*", 1) and H;;S(RH”, v)
defined in the introduction.

We recall that for any Gaussian measure N,, o and for any k € Ny, the space H k(Rm,
Np.@) is defined as

HF R, Ny o) = {f € L*(R", Nynq) : IDsf € L*(R™, Npg), 1B < k}.

Then, H*(R", N, o) equipped with its natural norm is a Hilbert space.
We first show that D(Gy) is dense in H2(RM" v).

Lemma 4.1. D(Gy) is dense in HY?(RY" v).

Proof. Let v € C°(R*"). We choose Ry > 0 and S > 0 such that supp v C Q5 Ry
where Qg g, := (—S,5) X (=Ro, Ro)". For R > Ry and k € Z" we set

letx ZaRk eﬂkx}
|k|=0

where ap j(t) := ﬁ f(fR,R)” v(t,sc)efig%’g”> dz.
We will show that for each ¢ > 0 there exists R > Ry and [ € N such that
lv — ’URJHHLQ(RHTL’V) <e.
Since v is smooth and compactly supported, there exists K > 0 such that for each
R > Ry and k € Z™ we have

2

(R1+ny T > IDgvR | F o0 mriny < K.
|or|=0

Let us fix R > Ry such that Kv((—S5,5) x R"\ Qg r) < /2. As | — oo, the sequences
(vR1), (Orwry), (DSvR,) converge uniformly on Qg g to v, dyv, DS, respectively. There-
fore, there exists [ € N such that

2

2 2 c
> IDgvR = Dvli o o) + 10i0rs = 00l e ) < 20(Qs,r)’
|| =0 7
For such [ we have
e ¢
|lv — URlHHl 2(R1+n 1) —Hv - URl”Hl 2(Qs, RV + HURZHH1 2( sml’) + 2 <
Since Cgo(RHn) is dense in HLQ(RHTL7 v), the proof is complete. O

The corresponding result for T-periodic spaces reads as follows.
Lemma 4.2. D(GY) is dense in L3 (RY™™ v) and in H;Q(RH", v).
Proof. Let
ve Oy ={ue C®°(R™™) : u(t,x) = u(T + t,z) for all t € R,z € R™, and
supp u(t, ) C (—Ro, Ry)" for all t € R and some Ry > 0}.
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We define
2

K = HathLoo(RHn) + Z HD%'UHLOO(RIJ,»TL).
|a|=0

and, for R > Ry, we set
l

UR,l(ta x) = Z aR7k(t)ei§<k,x>’
|k =—1

where ap i (t) == 2R - f Z*Um) dz. Clearly, ag is T-periodic. As in the proof

of Lemma 4. 1 it follows that for e € (0, K) there exists R > Ry and [ € N such that

v — URJHH#%RHTL,V) <e.
Since Cg,o#(((), T) x R™) is dense in H#2((0’ T) x R", 1), the proof is complete. .

Let tg € R. In the following we denote the product measure of the one dimensional
Lebesgue measure and vy, by dt X vy,.

Lemma 4.3. (a) There exists an isomorphism
T: LR v) — LR dt x No 1),

such that, for k =0, s € Ng and for k=1, s = 2, T|yks@n ) s an isomorphism
from H?3(RY™" v) onto H®*(R™", dt x No1).
(b) Let tg € R. Then, there exists an isomorphism

Tpy : 2R v) — LARY™™, dt x vy,),
such that, fork =0, s € Ng and fork =1, s =2, Ty, | rk,s(rn ) 48 an isomorphism
olHFs(R",v)

from HES(RY™ 1) onto HYS(RY™™, dt x vy,).

Proof. For t € R and x € R” define
(Tu) (t,x) :==u (t, Q%(t, —o0)z + g(t, —oo)) .
By substitution, we obtain
ull p2@ien vy = 1T ull2@ien aixn,)s  w € LR, w).

Moreover, for [ € N and for arbitrary integers a,...q; € {1,...,n} we have
l

0Tu ou 1
a5 (@)= 5 (Q%(t, —o0)x + g(t, — 00) 80
835&1 N &xal ﬁﬁ%-,n} ({’)[31 NN aﬁl H i
so that, for u € HY* (R v),
1
HDET ul || 2@ aexan.) <IQ2 (E —00)||*|l IDEul || L2gin,.).
and similarly, for u € HO*(R™™ dt x No1),
_ _1
I DET "l || r2ien ) <I1Q ™2 (t, —00) |I*|l IDiul || 2mien arxat.y)-

Since the norms HQ% (t, —o00)|| and HQ_% (t, —00)|| are bounded by a constant independent
of ¢, then 7 is an isomorphism from H%*(R!*" v) to HO*(RH™ dt x No1) for k € Ny.

1=1
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For ¢ € HY2(R'*™, 1) we have
(T ) (t,x) =0rp(t, Q2 (t, —00)z — g(t, —00)) = (Ahp)(t, Q2 (t, —00)x — g(t, —00))
+ (V) (t, Q3 (t, —00)x — g(t, —00)), B Q2 (t, —00)z — dyg(t, —00)).
Clearly, d,g(t,—00) = f(t) + [*__ A(®)U(t,)f(r) dr is uniformly bounded for ¢ € R.

Moreover, the representation

QH(t—o0) = 5 [ AR QU —o¢)
I

for a suitable path I' yields
10:Q3 (t,—0)|| < O, teER,

thanks to the uniform boundedness of 0:R(\, Q(¢, —o0)) for A € I' and ¢ € R. The latter
follows from the boundedness of || A(t)||, || B(¢)||, and ||Q(t, —o0)]|, see (3.2). Moreover,
an easy computation (see e.g. [Lun97b, Lemma 2.1], or [MPRS02, Lemma 2.3]) shows
that there exists C' > 0 such that for any M € L(R") and t € R, v € H?(R", ;)

(4.1) (M-, Dath) || 2@ ) < CIMI| |l 2@ 1) -
Therefore, it follows that
1Tl 2@itn aixn ) < Cllellmamien,y, € HPRY™ ).
Similarly, we obtain
1T ol me@ien ) < Cllolmemien aixng), @ € HP2RYT, dt x Noy).
This proves (a).

Setting
(T) (t,2) 1= u (£, Q3 (1, =00)Q % (t0, —00) (z — g{to, —o0)) + g(t, =) )
assertion (b) follows as above. O

There is a corresponding result for T-periodic spaces as well. Since the proof of the
following lemma is similar to the proof of Lemma 4.3 it is omitted.

Lemma 4.4. (a) There exists an isomorphism
Ty : L (R v) — LL (R, dt x Nya),
such that, for k = 0 and s € Ng and k = 1 and s = 2, T#]Hk,s(
#

isomorphism from H?];’S(RH", v) onto HZS(RH", dt x Nop.1).
(b) Let tg € R. Then, there exists an isomorphism

Ty o+ L3 (R, 0) — LL (R dt x 1),
such that, for k = 0 and s € Ng and k = 1 and s = 2, Tuy,

isomorphism from H;;’S(RH", v) onto H;;S(RH", dt x vy,).

Ri+n,) 05 an

|H;’;5(R1+",y) is an

Next, we give a characterization of some real interpolation spaces between L?(R*" v)
and HO$(RM" v).
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Proposition 4.5. Let r,s € N with 0 < r < s. Then,
(LR v), HYS (R, 1)) ry = HO™(RY™ b)),
Proof. Let T be as in Lemma 4.3. Then,
(Lz(RlJrn7 V), HOS (R, v)) e
= (T'LA(R"™™ dt x Np1), T HPS (R, dt x Nyq))

_ T_l (LQ(RI—FTL’ dt x NO,l), HO,S(RH-n’ dt x _/\/‘0,1))572 .

13

,2

@

On the other hand, by [Tri78, Theorem 1.18.4],
(LA(RY", dt x Noy), H*S(RM", dt x No)):
= (L*(R, L*(R", No 1)), L*(R, H*(R", No,1)))z
— 12 (]R, (LZ(R",N'QJ),HS(]R",NOJ))gQ) .

The real interpolation spaces between L? and H® spaces with respect to the Gaussian
measure Nj 1 are known, see e.g. [FL0O6, Proposition 4]. More precisely, we have

L rmon . 2 rmpn k(mn
HY(R", No1) = (L (R", No,1), H*(R ’No’l))z/k,z’

for each k,l € N with 0 <[ < k, and, therefore, we get
(L2(RY",v), H (R, v)), , =T 'L (R, H"(R", Noj)) = T HO"(RM",dt x No1)
’ —HOT (R, ).
O

Again, there is a corresponding result for T-periodic spaces. Since the proof of Propo-
sition 4.5 carries over to the T-periodic case with only minor modifications, the proof of
the next lemma is omitted.

Proposition 4.6. Let r,s € N with 0 < r < s. Then,

L3RI, v), HY (RY",0)) = HY (RY",0).
< #( 7]/)7 #( )V) 572 # ( ’V)

5. THE DOMAINS OF G AND OF G4

The proofs of Theorem 1.1 and Theorem 1.2 are based on the following abstract inter-
polation result (see [Lun99, Theorem 2.5]).

Proposition 5.1. Let T(t) be a semigroup on some Banach space X with generator
L:D(L) — X. Assume that there exists a Banach space E C X andm € N, 0 < <1,
w€eR, C >0 such that

IT(t)cx,m) < Ce't™™F, >0,

and for every x € X, t — T'(t)z is measurable with values in E. Then E € Jg(X, D(L™)),
so that (X, D(L™))gp C (X, E)g)ap, for every 0 € (0,3), p € [1,00].
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Indeed, we apply this proposition taking X = L?>(R'*",v), T(t) = P; and E =
HOFRY™ v), or X = LL(R™™,v), T(t) = P; and E = Hggk(]RH”, v) in the periodic
case. With these choices we have optimal blow-up estimates for the norms || T'()|z(x, )
as t — 0, given by Lemmas 3.4 and 3.5. Since the real interpolation spaces between X
and E have been characterized in Propositions 4.5 and 4.6, the main step of the proof of
Theorem 1.1 and Theorem 1.2 follows.

5.1. Proof of Theorem 1.1. We first prove the continuous embedding
(5.1) D(G) c HY*(RY™ v).

We use Proposition 5.1 with X = L2(R**" v) and E = H**(R'*™™ v). From Lemma 3.4
it follows that there are C', w, such that

HPT”E(X,E) < C€WT7'_2, > 0.
Choosing m =4, 0 = i and g = %, Proposition 5.1 yields

(L*RYF™,v), D(G = I)")1 5 € (LR, ), H*HRT, ) 1, .

N|=

Since L?(R'*™ v) is a Hilbert space and G — I is dissipative and invertible, [Kat62,
Theorem 5] and [Tri78, Theorem 1.15.3] yield (L*(R'"*",v), D(G— 1)), = D(G—1) =
47

D(G). Therefore, Proposition 4.5 implies
(5.2) D(G) c H*(R'™ v).
Now, let u € D(Gy) and set
0
W(t,z) = (Gu) (t,z) = &u(t,a?) + L(t)u(t,xz), teR, zeR"
It follows from (4.1), that there exists C; > 0, independent of u, such that
L@ u) 2mn ) < Crllult, ) m2@e ), tER
Moreover by (5.2), ||£(')U||L2(R1+n7y) S CQ(HU”LQ(RI-&-TL,V) + HGU||L2(R1+”,V))a where Cg > 0
is independent of . Writing %u =1 — L(-)u, we obtain
el Le@ny < 10l 2@itn vy + 1LC)ull 21 )
< [|Gull 2 @r4n ) + C102 (ull L2(mn ) + 1Gull L2140 1)) = 2C |G| L2i+n 1)
Putting together this estimate and (5.2) we get
ull gr2@ien ) < Cs ([[ull 2@y + |Gull L2140 )
with C3 independent of u. Since D(G)) is a core of D(G), the proof of (5.1) is complete.
Moreover, since, by Lemma 4.1, D(Gy) is dense in HY?(R'*" v), we have D(G) =
H1’2 (Rl—i-n’ I/).
Now let us prove the second equality. The inclusion * C ” is obvious. Let
ue {u e HP2(RM™) 0 LA(RY™, v) : Gu e LRV, u)} :

loc

fix A\ > 0 and set ¢ := Au — Gu. Then v := u — R(\, G)v satisfies \v — Gv = 0. We will
prove that v = 0, and hence u € D(G), provided \ is large enough.
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In order to do so, let ¢ € C2°(R™™) be such that ¢(-,-) =1 on [~1,1] x B(0,1) and
©(+,+) = 0 outside [—2,2] x B(0,2). Then ¢x(t,x) := @(t/k,x/k) satisfies p(t,x) — 1
for k — oo and |Dypr(t, z)| < || |Dz¢|||co for t € R and z € R™.

A direct calculation yields

(5.3) G(gh) = gGh + hGg + (B*Dyg, B*Dyh), g, h € Hy2(RM™).

Hence, we obtain

0= / (M — Gv)piv dv = )\Hcpka%Q(RHn,y) - / 0rGV pv dv

R1+n R1+n
~NertlBarny — [ Sowdowd+ [ Goropro dv
Rl+n Rl+n
+ /<B*D$<pk,B*va>g0kv dv.
R1+n

Since [p14, Gg dv = 0 for each g € D(G)), it follows from (5.3) that

(5.4) / gGh dv + / hGg dv + / (B*Dyg, B*Dgh) dv = / G(gh)dvr =0
R1+n Rl+n R1+n R1+n

for g,h € D(Gp). Note that (5.4) also holds for g,h € D(G), since D(Gp) is a core of
D(G). In particular, since gxv € D(G), we obtain

[ tewiarw v == 3 [ (BD.(or0). BD.(o10) dv

Rl+n R1+n
1
=—3 / <B*DZU,B*Dmv)<p% dv — / (B*Dypr, B*Dyv)vey, dv
R1+n R1+n
1
-3 / (B*Dopp, B*Dyipp)v? dv
R1+n

1 . L *
S _ §||§0k|B va‘ ||%2(R1+nﬂj) + ZHSDICLB va| H%2(Rl+n,l/)
ST,
+ 5 101 B" Dail 172z 1)
Hence,
2 1 * 2 3 * 7
02 Mlgrvlagien,) + 7106 B Davl [2aguen ) = Sl101B Dol [Fagiom,)
1 \ *
= Clelaseny — IR B Dt aguscnsy — 21015 Dol Iagesens

> MlenvllFeguen,) = Cillvlzagien -
(RY+7,0) (RY+,0)

Letting k — oo, we obtain 0 > (A — C’l)HvH%Q(RHn »)» Which implies v = 0 provided A is
large enough. O
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5.2. Proof of Theorem 1.2. The proof of Theorem 1.2 is the same of Theorem 1.1,
with the space E = H;)E’Zl(RH”, v) instead of H>4(R'*" v) and using Lemma 3.5 instead
of Lemma 3.4 in the first part, and functions ¢ depending only on z in the second part:
or(x) = p(z/k), with ¢ € C°(R™) such that ¢ =1 on B(0,1) and ¢ = 0 outside B(0, 2).
We omit it.

The characterization of D(Gy) given by Theorem 1.2 implies also that D(Gy) is
compactly embedded in Li (R'*" 1), through the next Proposition.

Proposition 5.2. H#Q(]RH”, v) is compactly embedded in L3, (R, v).

Proof. Let Ty be as in Lemma 4.4. Writing H#Q(RH", v) = T#IH#Q(RH", dtxNp,), it
suffices to show that H;f (R™, dt x No 1) is compactly embedded in L7 (R, dt x Np 1).

Let u € B, where B denotes the unit ball in H;f(RH”,dt x Np,1). The logarithmic
Sobolev inequality for the Gaussian measure Ny 1 (see e.g. [Gro75, formula (1.2)]) yields,
for each t € R,

/ Jut, )2 Jog(ut, 2))No1 (dz) < / Du[2Np 1 (dx)
Rn R

-t ) Zagen a1y 108 (e, )l 2 ndy -

Hence, following e.g. the lines of [LMPO06], for each k > 1 we obtain

//Iu!/\/mdx dt</ / XE(x)k*No 1 (dz) dt
T

0 B(0,R)e 0 B(0,R)e

/ / Xge(x |u\ log |u|Np 1 (dx) dt

log

log k’

where E' = {|u| < k}. Therefore, given € > 0, there exists R > 0, independent of u, such

that
/ / lu?No1(dz) dt < e.

0 B(0,R)¢

Since L2 %((0,T) x B(0,R),dt x No,1) = Li((O,T) x B(0,R)), and the embedding of
HY2((0,T) x B(0,R)) into L?((0,T) x B(0,R)) is compact, we find {f1,...,fr} C
L3((0, T) x B(0, R)) such that the balls B(f;,e) cover the restrictions of the functions
of B to (0,T) x B(0,R). Now, let f; denote the extensions to (0,7) x R™ by 0. Then
B C UE_| B(f;,2¢) and the proof is complete. O
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6. PROOF OF THEOREM 1.3

Without loss of generality, we restrict ourselves to the case 77 = a < 0 and T3 = 0.
We first consider the problem

us(s,z) + L(s)u(s,z) =0, s¢€ (a,0), z€R",

u(0,z) = ¢(x), z € R™.
Proposition 6.1. For each ¢ € HY(R", 1) the function (s,z) — u(s,z) := (Psop)(z)
belongs to H'%((a,0) x R™,v) and there exists C > 0, independent of @, such that
(6.1) 1l 1.2 ((a,0)xR7 1) < Cllol 1 (R 00)-
Proof. We use the following identities:
(6.2)  [L(s), D|Psop = (L(s)D — DL(s)) Ps o = A(s)DPs0p = A(s)U"(s,0) Ps 0 Dep,
and, for ¢ € H3(R",vs),

(6.3) /Rn |D|20sp(s, z)dx = 2/n<E(S)D¢,D¢>dVS +/ |B*(s)D?*|*dvs.

n

Formula (6.2) follows from the explicit expressions of L£(s) and P; g, while (6.3) follows
from Lemma 2.4 and the identity £(s)(¢?) = 20L(s)p + |B*(s)Dy|?, applied to each
derivative Dj.

Thus, we obtain

63/’DP370@‘2V5(d$) =— 2/<D£(S)Ps7o(p,DPs7o(p>Vs(dx) + / |DP; gp|*0sp(s, ) da
R7 R7 R7

_ / (£(5)DP, o0, DPuo)vs(da)
Rn

+ 2/([£(s),D]P870g0,DP&O@VS(dx) + / ]DP570¢|288;)(8,:1:) dz

Rn Rn
= [ 1B D*Pogplvifar)
R
+ 2/<A(S)U*(S,O)PS70DQD, U*(s,0)Ps0Dg)vs(dx).
Rr

Integrating with respect to s, we obtain

0
Dol 72 ) = Il 1D Paoe! 72 ) —//!DPs,ocpIQVS(dw)ds
a Rn

0
- / / (IB*(s)D*Pugpl? + 2(A(s)U* (5, 0) PyoDip, U* (5,0) Py o D)) vs(da)ds.
a Rn



22 MATTHIAS GEISSERT, ALESSANDRA LUNARDI

Since ||B*(s)7!|| < 1/po by assumption (1.8), then

0
1 *
1102l 12aoyinsy < 73 [ [ 1B (D PuoglPunlaa)ds

0

and, hence,
D3l | 22((0,0) xkm ) + | [Dztula, ) | 2 (@n va) < CO| D] |11 0 00)-
where C(a) > 0 is independent of ¢. Since dsu = —L(s)u(s,-) the statement follows
using estimate (4.1). O
We also need the following lemma about the traces at t = 0 of functions belonging to
H'2((a,0) x R",v).
Lemma 6.2. We have
H'(R", v) = {u(0,-) : u € H'((a,0) x R", )},
and the norm
o — inf{[|ullg1.2((q,0)xrr )+ w(0,°) = ¢}

is equivalent to the norm of H'(R™, vp).

Proof. By Lemma 4.3, we have Tou € H%“2((a,0) x R", 1) and there exists C > 0,
independent of u, such that
1 Zow]| fr1.2((a,0) xR v0) < Cllullm1.2((0,0)xm7 1)

Therefore, by standard arguments,

a0, Mz ey = 150,y < ClToull 12 (0080 < Cllll 1200k,
where C' is independent of u. On the other hand, Proposition 6.1 states that for each
¢ € HY(R" 1p) the function u(s,z) = (Psop)(x) belongs to H“?((a,0) x R™,v), with
estimate (6.1). The statement follows. O

Finally, we are in the position to prove Theorem 1.3. Let f € L?((a,0) x R",v), fix
A > 0 and set
—eMf(s,x) z€R™, s¢(a,0),
f)\(sa l’) =
0 z €R" s ¢ (a,0)

Then fy € L*(R'",v) and, by Theorem 1.1, uy := (A — G)~1f\ € HY?(R™" v), and
luxllgrz@ien )y < Cllfallp2@i+n ) with C independent on f. Moreover, uy(s,z) =
e Muy(s, ), © € R, s € (a,0) satisfies

dsur (s, ) + L(s)ur(s,z) = —Ae uy(s, ) + e *Guy = —e N fo(s,x) = f(s,2)
for z € R" and s € (a,0). Furthermore, there exists C; > 0, independent of f, such that
lutll 12 ((a,0)xrey < Cill fllL2((a,0) xR -
Hence, by Lemma 6.2,
w:=u1 + P.o(ug —u1(0,-)) € H**((a,0) x R",v)
and u satisfies (1.17) and (1.18).
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