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ABSTRACT. We solve the Cauchy problem for a quasilinear parabolic equation in [0, T] x R™ with quadratic
nonlinearity in the gradient and with Hélder continuous, not necessarily differentiable, initial datum. We
get the same smoothing properties of linear parabolic equations, and we use them to improve the results
now available in the literature on a class of stochastic forward-backward systems.
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1. INTRODUCTION

In this paper we study a quasilinear parabolic equation in [0, 7] x R,

iyl G+ Z (2t ) g ult ) = St ), Vot ¢ €07 € R
u(T, ) = ¥(z), z € R

Under suitable regularity and growth assumptions on the nonlinear functions a; ; and f, we prove that for
every ¢ € C?(R™), 6 € (0,1), there exists a global classical solution w, which is unique in an appropriate
(standard) class, and which satisfies
(S) sup (T'—t)[lu(t, )| cz+o@n) < oo,
0<t<T

so that we have the same smoothing effect of the linear case.

We are motivated to this investigation by an application to stochastic forward-backward systems. Indeed
problems such as (P) arise in the study of stochastic systems of the type

dXs = 9(Xs,Ys, Zs)ds + 0(Xs,Ys) dW,, s €[0,T],
dYs = h(X,,Ys, Zs) ds + Zs dW,

XO =,

Yr =(Xr),

where the unknown (X, Yy, Zs)sc(o, 1 is a triplet of processes with values respectively in R”, in R and in R".
In these systems a forward It6 differential equation is coupled with a backward Ito differential equation; the
nonlinearities g, o, h are regular functions. Such systems have several applications to mathematical finance
and to stochastic optimal control — see e.g. [11, Chapter 8] for a systematic review — and recently they have
been widely studied see for instance [14], [10], [13], [15], [12] and the bibliography therein.

The nonlinearities a; ;, f in (P) are defined by

(FB)

and they are Lipschitz continuous with respect to x, locally Lipschitz continuous with respect to u and p,
with at most quadratic growth in the gradient and linear growth in u. Relying on analytic results for system
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(P), in [10] it was introduced the so-called four step scheme —see also [11, Chapter 4] — to solve the stochastic
system. Whenever o does not depend on Z, this scheme reduce to three steps. More precisely it consists in
solving (P) as a first step, then in solving

{ dXs = o(Xs,u(s, X)) dWs + g(Xs, u(s, Xs), Vu(s, Xs)*o(Xs,u(s, Xs))ds, se€ [r,T],
Xr = 57

for each r € [0,7[ and for each F,-measurable and square integrable random variable ¢ (where F is the
filtration associated to the Brownian motion {W;};>0), and then in showing that

(XP8, Y8, Z0%) = (X6 uls, X°), Vu(s, X7 o (X0 u(s, X19)))

is a solution to

dX08 = g(XD8, Y8, Z08) ds + o (XD, YD) dW,, s € [r,T],

dY! S = h(XTE Y5E Z08) ds + Z7¢ dW,

X, = 57

Yr = ¢(Xr).
The deterministic results of [8, Chapter 5, Thm. 6.1] were used to prove existence and uniqueness of a
regular solution to problem (F'B). Strong regularity conditions on the nonlinearities a; ;, f and on the final
data were required. In particular, ¢» must belong to C?T%(R™). This approach has been followed and widely
improved in [4], where existence and uniqueness results for the systems (F B) are proved requiring much less
regular coefficients and the final datum to be just Lipschitz continuous. In the present paper, still needing
the coefficients a; ; and f to be regular enough, we relax the hypothesis on the final datum assuming 1 to be
merely Holder continuous, and we prove existence of a solution to (F'B) also in the case where the function
h has quadratic growth with respect to Z.

Setting as usual u(t) = u(t,-), we study problem (P) as an evolution equation in the space C*(R™) for
some a € (0,0):
/' (t) + (U( Nu(t) = F(u(t), t<T,
e L

where A(u(t)) is the operator Z ca; (- u(t ))Bw oy and F(u(t)) := f(-,u(t), Vyu(t)). As a first step, we

look for a local solution in a small tlme interval [r, T] as a fixed point of the operator u — v, where v is the
solution to the linear problem

o(T) = .

If T —r is small enough, the fixed point argument works in a suitably weighted space of functions v : [r, T] —
C*(R™), thanks to optimal smoothing estimates in Holder spaces for linear equations; such estimates are
also used to prove further regularity of the solution and to arrive at (.5).

So, the (unique) fixed point u satisfies (S) with [r,T') replacing [0,T); moreover from the proof of the
local existence theorem we see that u may be extended to the whole [0,T] (still satisfying (S)) provided we
can bound |[u(t)||¢en) by a constant independent of ¢. This is done using classical arguments for a priori
bounds in nonlinear parabolic problems.

The rest of the paper is organized as follows. In section 2 notation and assumptions are given. The main
results will be proved in section 3, while in section 4 the application to the stochastic forward-backward
system is discussed.

{ v'(t) + A(u(®))o(t) = F(u(t)), < [r,T],

2. NOTATION AND ASSUMPTIONS

Let 6 € (0,1). We denote by C?(R") the usual space of bounded and uniformly #-Holder continuous
functions from R™ to R, and by C*¥*?(R™), k = 1, 2, the space of the bounded and differentiable (resp.,
twice differentiable) functions with first order (resp., first and second order) derivatives in C?(R™). They
are endowed with the norms

lpllorromny =Y <DO‘¢||OO+ sup M)

lal<k z,yER", x#y |l‘ - y|9

If X is any Banach space and yo € X, R > 0, B(yo, R) is the closed ball in X centered at yo with radius
R. If a,b € R, B((a,b); X) is the space of the bounded functions from (a,b) to X endowed with the sup



norm; C?([a, b]; X) is the space of all §-Hélder continuous functions from [a, b] to X, endowed with the norm

1f(®) = f(s)llx
fllee(aprixy = 1flloo +  sup  =—=F——5=—;
I fllc (a,);x) = 1]l B S v
Cy(Ja,b]; X) is the space of the continuous functions from Ja,b] to X, such that ¢ — (¢t — a)?||f(t)|/x is
bounded, endowed with the norm || f{|c,(a,b);x) = SuPrejq,p (t — a)?||f(t)||x. This is meaningful for § = 0
too.

According to the assumptions of section 4, the differential operators A(u) := Z? ;@i (- u(t))
the function F(u(t)) := f(-,u(t), Vyu(t)) satisfy next assumptions, for each o € [0, 1].
Hypothesis 2.1. The maps A : C*(R") — L(C*t*(R"),C%(R")) and F : C1T*(R") — C*(R") satisfy the
following hypotheses:

H1 For every y € C*(R"™) the operator A(y) is sectorial in C*(R™), and if 0 < a < 1, D(A(y)) ~
C2+Q(Rn)‘
H2 For every yo € C*(R™) there exist K = K(yo) > 0 and R = R(yo) > 0 such that
[A(z) = AWl Lic2te®n),comny) < Kl —ylloamn

for every x,y € B(yo, R) C C*(R™).
H3 There exists K1 > 0 such that

62

92,07, and

1F(z) = FW)llco@n) < Ki(1+ [[#]lcr+amn) + [[Yllcrre @)z — yllcrve @n)
for every x,y € C1T(R™).
Note that H3 implies that there is K5 > 0 such that
H4 1P @) onmn) < Ka(1+ [@]21eaggn)s Vo € CLH(RT),
For every T > 0 and for every r € [0,T) we shall study the problem
/() + A(u(t))u(t) = F(u(t)), te[r,T],
{ uw(T) = 1.
The main result of this section is the following local existence and uniqueness theorem.

Theorem 2.2. Let assumptions 2.1 hold, for each o € [0,1]. Then for each ¢ € C?(R™), with 6 €
(0,1), there exists § = 6(¢0) > 0 such that for every r € [T — §,T] problem (2.1) has a unique solution
u € CO2([r, T]; Co(R™)) N B([r, T]; C?(R™))?), such that u has values in C*t0(R™) and it is differentiable
with values in C°(R™) for t < T, and (T — t)||u(t)||c2+o@n), (T — t)|[u'(t)]|cown) are bounded in [r,TT.
Consequently, (T —t)1=9/2||Du(t)|| o is bounded in [r,T].

(2.1)

3. PROOF OF THE MAIN RESULTS

In this section we will reverse time in problem (2.1). Therefore we shall study
{ u'(t) = A(u(t))u(t) + F(u(t)), te(0,r], (3.1)
u(0) = ¢ '

for r € [0,T]. Theorem 2.2 is rephrased as follows.
Theorem 3.1. Let H1— H2— H3 hold, for each o € [0,1]. Then for each 1 € C°(R™), with 6 € (0,1), there
exists 6 = 6(1) > 0 such that for everyr € (0, 0] problem (2.1) has a unique solution u € C°/2([0,r]; Cy(R™))N
B([0,7]; C?(R™)), such that u has values in C**9(R™) and it is differentiable with values in C®(R™) fort > 0,
and t|lu(t)| czomny, tlu'(t)]lco@ny are bounded in ]0,7].

Accordingly to the time change we introduce a family of linear nonautonomous Cauchy problems with

O0<s<r<T,
v'(t) = At)o(t) = f(t), telsr],
{ o(s) = o, (3.2)
where for each t € [s,7], A(t) : D(A(t)) € C*(R™) — C*(R"™) is a sectorial operator in C*(R"), with
D(A(t)) =~ C?T%(R"), and t — A(t) is Hélder continuous with values in belongs to L(C?T*(R"); C*(R")).

A continuous function v : [s,7] — C*(R™) is said to be a classical solution to (3.2) in [s,7] if v €
C(]s,r]; C*(R™)) N C(]s, r]; C*(R™)) and o' (t) — A(t)v(t) = f(t) for s <t <7, v(s) = .

We shall use the following results.

2This means that the function (¢, z) — u(t)(z) belongs to the parabolic Hélder space C?/2:([r,T] x R™).



Proposition 3.2. Let [s,r] C [0,T]. For each t € [s,r], let A(t) : D(A(t)) C C*(R™) — C*(R"™) be a
sectorial operator in C*(R™), with D(A(t)) =~ C*T*(R™). If the mapping A belongs to C¥([s,r]; L(C?T(R");
C*(R™))), there exists an evolution operator G(t,s) in C*(R™) associated to A.

If € C°(R™) and f € C,(Js,7],C?(R™)), with 0 < v < 1 and 61, 0 > «, problem (3.2) has a unique
classical solution v, given by the variation of constants formula

v(t) = G(t,s)Y + /t G(t,o)f(o)do, s<t<r. (3.3)
Forall0<7t<oc<randa<6;<6;< 2—|—oj there exists C1 > 0 such that
|G (o, 7')||L(C91 (®"),C02 (Rn)) < (U_T)(?W, s<t<o<r. (3.4)
Moreover for a < 07 <2+ 03 < 2+ a+ 2v there exists Cy > 0 such that
[A(0)G (o, )| L(cor (mr),c02 (mP)) < (0= 7')132(‘92—91)/2’ s<Tt<o<r. (3.5)

As a consequence of (3.4), for 0 <y <1, a <6 <0 <24+aand0 <y <1, 0;—0) <1 there exists
C3 > 0 such that if f € C,(]s,r], C% (R™)) we have
t
| [ oo <eut- T e g ong, s<esn 39)
s Co%2 (R™)

Proof. We do not give the complete proof since it is very similar to the proofs of [2, Prop. 3.3] and [1,
Chapter 6] and of the bibliography quoted therein.
We just stress the fact that our hypotheses imply that for all ¢ € [s, r] — see e.g. [3, Appendix A]:

(i) there are two positive constants v and v such that

vi([[A®)yllco@ey + Ylloa@ny) < [Yllorre@ny < va([AB)Yllco@ny + lYyllca@n)); (3.7)
(ii) there exist 6 €]7,7],w € R and M > 0 such that, for all ¢ € [s, 7],
M
RO A@) || L(oa@ny) < ma VA € w+ S, (3.8)

where Sg = {z € C: arg|z| < 8}, for any § € [0, 27].
Moreover estimates (ii) on the resolvent operator imply that there exists a positive constant M independent
of t and depending on «, 8, p, T and on the constants introduced in (¢) — (i%), such that

g M ewa
(i) I(A®)Y e | o eny) < =

k )
Then estimates (3.4) and (3.5) for the evolution operator G(t, s) are a direct consequence of its construction
(see e.g. [1, Chapter 6]), of estimate (3.9) and of the characterization of C?(R™) as the real interpolation
space (C*(R™), C*T*(R"))(9—a)/2,00 for o < 0 < 2+ (see e.g. [1, Cor. 1.2.18]). In particular, the constants
Cy and C5 that appear in (3.4) and in (3.5) depend on «, 0,02, T and on the constants introduced in
(1) — (4t) — (4i7). Inequality (3.6) is an obvious consequence of (3.4). |
We fix now «, 3, 8, p, v such that

o, t€ls,r], k=0,1,2. (3.9)

g

O<a<p<O<l, p<(a+0)/2,

0<v< 52, (3.10)
1 6— 1 0—a
3 <B<3-5F

and we define the set Y as the intersection of the balls B(y, R) C C¥([0,r];C*(R™)) and B(0,R) C
Cs(]0,r]; CHHP(R™)), i.e.,

Y ={ue C([0,7]; C*(R")) N Cp(]0,r]; CT*(R")) :

3.11
u(-) = Yllev(oca@ny) < Ry supgeye, tPllu(t)||creemny < R} (3.11)
where R, r will be chosen later. For any v € Y we consider the linear nonautonomous problem
/!
_ = <
{ V() — Au(t)u(t) = fult), s<t<r, (3.12)
v(s) =z,

where A, (t) = A(u(t)) and f,,(t) = F(u(t)). We collect the results about this problem in the next lemma.



Lemma 3.3. Let H1— H2— H3 hold. Fix the parameters a, 3, 0, p, v satisfying (3.10), and fiz ) € C’(R™).
Then there is R > 0 such that for each r €]0,T), defining Y by (3.11), for every u € Y the operators A, (t)
satisfy the assumptions of proposition 3.2. Denoting by G, (t, s) the associated evolution operator, there erists
a unique classical solution to problem (3.12), given by

v(t) = Gult, s)v + /t Gu(t,0)fulo)do, s <t <.

FEstimates (3.4), (3.5), (3.6) hold with constants Cy, C2, C3 > 0 independent of u, s, r.

Proof. Thanks to assumptions H1 and H2, for all zo € C*(R"™) there exists R’ = R'(x¢) > 0 such that for
every x € B(xo, R')
(i) there exist two positive constants 14 = v1(zo) and vo = vo(xg) such that
n([[A@ylce®n) + yllca®n)) < lyllczremn) < va(l|A@)ylca®n) + [Yllca@n));
(ii) there exist 6 = 0(zo) €]5,7],w = w(xg) € R and M = M (xq) > 0 such that, for all ¢ € [s, 7],
M
[R(A, A(@)) | (oo @) < (] YA ew+ Sy,
(iii) there exists My = Mj(xg) > 0, such that
A4i€wg
ok

|A(2)k e @] L ca(mny) < ; ocelo,r], k=0,1,2.

This was proved in [2]. Taking zg = ¢ and R = R'(¢) in the definition of Y, it follows that for each u € Y

(i) there exist two positive constants v; = 14 (1) and vo = va(¢)) such that

i([[Au®)yllee®n + [[Yllce®n)) < llyllezramny < va(l[Au®)ylloe @) + [[Yllce®n));
(ii) there exist a = a(v) €]0, 3], 0 = 0(¢¥) €]F,7],w = w(¥)) € R and M = M(y)) > 0 such that, for all

tels,r]
M
HR()‘a Au(t))HL(CO‘(Rn)) < m, VA € w+ Sp;
(iii) there exists My = M;(v) > 0, such that for all ¢ € [0, 7]
M eu}(f
”(Au(t))keaAu(t)”L(C”(R")) < 1k ) ocel0,r], k=0,1,2.

g

Therefore proposition 3.2 may be applied, and it yields all the estimates for G, (¢, s). Moreover, thanks to
H4 we have

sup swﬂfu(s)”m(Rn) < K (r* + sup 526||u(s)||?;1+p(Rn)) < K1 (r*P 4+ R?) < 400, (3.13)
0<s<r 0<s<r
so that f, € Ca3(]0,7]; CP(R™)). O

Proof of Theorem 3.1 We define a map I : Y — C([0, r]; C*(R™)) as I'(u) = v, where v is the solution
to (3.12). Thus,

D) (t) = v(t) = Gu(t, ) +/0 Gult, o) fu(o)do, 0<t<r.

As a first step, we shall show that if » is small enough then T'(Y) C Y, then we shall show that T is a %-
contraction, so that it has a unique fixed point in Y, which is a solution to (3.1). As a third step we shall
prove further regularity properties and estimates for the fixed point, and eventually we shall see that the

solution is unique.

First step. I'(Y) C Y. We shall prove that:
1) t — Gu(t,0)y € C¥([0,7]; C¥(R™)) and [|Gu(-,0)1) — llcv (jo,r);00 mnyy < R/2 for sufficiently small 7 > 0.
For 0 < s <t <r we have

/ Au(0)Gu(,0) dort

= c(a,0)Ca(t — S)Vr(efa)/zfy||1/f||CG(Rn)-

1Gu(t, 009 — Gu(s, 0)¢]|ca(rny = ‘

t
SCz/ o =271 do ||| oo (g
e (RM) s



In particular, for s = 0 we have ||Gy (-, 0)1) — ¥||carn) < c(a, 0)Cor /2|4 co(gn).
Thus G, (t,0)y € C¥([0,7]; C*(R™)) and there exists 6; > 0 such that for 0 < r < 4§y,

0—a)/2—v 0—a R
1Gu(. 00 = dllew (orycaeny < eler O)C2(81 ™™ 46" 2) [l coan < 3

2) t— fot Gy (t,0) fu(o)do € C7([0,r]; C*(R™)) and || fo Gu(-,0) fulo) dollcvo,r);cnmny) < R/2.
Now fix 0 < s <t <r. Then
t s
H / Go(t, o) fu(0) do — / Go(5,0) (o) do <
0 0 Co(R™)

H /OS[G““’ 0) = Gu(s,0)]fulo) do

t
+H/ Gu(t,O')fu(O')dO' :Il+I2.
) s C(R™)

Co(R™

I, is estimated as follows, taking into account (3.5) and (3.13):

L= ‘ /OS /: Ay (T)Gy(7,0) dr fu(o) do

Co(R™)

s t
g/o / 1Au(F) G (7, 0)| 0o @y, gy A7l fu (@) o amy do
S

S t
< (Cy sup Hawfu(a)ﬂcp(w)/ o2 (/ (r— 0)71+(p70‘)/2 d7> do
0 s

0<o<r
< e, p, B, ) Co K1 (r?P + R?)(t — s)Vrt—v—20+(p=a)/2
In a similar way, taking also (3.6) into account, I is estimated as follows:
I < C3(t — ) || full cap s,rgscn (mmy) < Caeley, p) Ky (r?P + R2)(t — s)rt =207,
In particular, taking s = 0 the latter estimate gives

< Csc(a, p) K1 (r?P + R?)r1 =28,
Coz(]Rn)

H /Ot Gult, 0) fu(o) do

This implies that there exists 2 > 0 such that for 0 < r < §5 we have

oo < 8

H /Ot Gu(t, o) fu(o)do

<C
cv([0,r;C (R™))
where C' does not depend on u and 7.

3) t— Gu(t, 009 € Cp(]0,7); CTP(R™)) and [|Gu(:,0)% ]l cy(jo,mscrte@ny) < R/2.
Thanks to (3.4) we have

(0—p)

2 ||1/1H09(Rn)-

P Gult, 009 | cren(mny < CrtP 75+
Thus there exists d3 > 0 such that for 0 < r < 3

3+

N[ 3

— (6—p)
1Gu(-0)llcyo,r;crte@n)) < 165 7 [Yllcomny <
4) t— [} Gu(t,0) fu(0)do € C5(10,7); CH(R™) and || [; Gl 0) fu(0) do| oy (or)iortegny) < R/2-
Thanks to (3.6), for 0 < ¢ < r we have

tﬁ‘ < POt 72| full oy sapice@ny) < CaKa(r®F + R2)r! /270,

/ Gu(t, 0) fulo) do
0

Cl+p(Rn)
Thus there exists §4 > 0 such that, for 0 < r < {4,

H/ Gu(-,0)fulo) do <cs)/* P < g
0

Cs(]0,r];CtHr(R™))

1),2),3),4) prove that taking § = min{6;, d2, d3, 84}, then for every 0 < r <4, T(Y) C Y.

Second step. I' is a 1/2- contraction.



Let uy,us € Y and set v1 = I'(uy), v2 = T'(uq). For all ¢ € [0,7] we have
t
v1(t) — v2(t) = [Guy (,0) — Gu, (¢, 0)]Y) + / [Gui(t,s) = Gu, (t,9)] fur (s) ds+
0

/0 Gy (£, 8)[fur (5) — fun(s)] ds

To estimate vy — vo we use the identity

Gy (1,0) = Gu, (1,0) = / ' Gy (75 0) [Maiy (p) = My (0)] G (p; 0) dp, (3.14)

that holds for 0 < ¢ < 7 < r, and arguments similar to the ones in the first step .

1) Let us estimate [|v1 — val|cv(jo,r);00 @) For 0 <s <t < we have

[01(2) = v2(t) = vi(s) + va(s)llcw@n) < [[(Guy (t,0) = Guy (£,0) = G, (5,0) + Guy (5, 0)) Y| o rmy +

H / 0 (0:0) = Cu(t. ) fur(0) o — [ (G (5,0) = Guals,0))fur(0)da| 4
0 Co(rr)
| [ 6ut.0)00) ~ @i~ [ Gunloso)lfu @)~ @l =4 mr
0 0 Co(Rn)
Recalling (3.14) and (3.4), I; is estimated as follows.
Il - || ul (t O) Guz(t O) Gul (850) + Guz(svo))wHCo‘(R") <
<| / 1 (0) A, () — Ao (0)]Gry (0, 0)8 dor
Co (RM)
] [ 160 (t0) = 6. ) - Ao @Gl o
0 Ca(Rn)
t s t
< CYK ||uy — uallev o.rsca @y 1]l co @n) {/ o 1H0=)2 g +/ g M/ (/ (r—o)! dT’) da}
s 0 s

< ¢, O)CF K [[ur — uallow (o100 @) 19l co gy (t = 5) 7O/

Thus there exists d5 > 0 such that for 0 < r < §5 we have
1
[(Guy (+0) = Guy (5.0)) @l v (0,r7:00 (R )) < §||U1 — ug|lov (jo,r];0o (®)) -
I, is estimated in a similar way, taking also (3.13) into account:
I < Clluy — ualcv (oo mny) (E — 8) r1 7207

where C' > 0 is independent of wuy, ug, and r. Thus there exists dg > 0, such that for 0 < r < dg we have

H /o'[G“l("f’) = Guy (4, P)) fur () dp

The third addendum I3, thanks also to hypothesis H3, is estimated in a similar way as follows:

1
< §HU1 — ua|lev (jo,r];co (R)) -

Cr([0,r;C> (R™))

I3 < Cllur — uallcyqo,scre ey (t — 8)7 72077

where C' > 0 is independent of uy, us, and 7.
Therefore there exists 7 > 0, such that for 0 < r < d7 we have

H/ us (5 0)fur (0) = fuy (0)] do

—_

< ol — wzllero,r)ica ®ny)-

Ne)

C¥([0,r;C=(R™))
Summing up, we have proved that for 0 < r < min {4, &5, 5, 07} we have

1
lor = vzllov orgsom ey < 3 (Ilur = wallogorporre@ny) + llw = wellovoryca@ny)- (3:15)



2) Now we estimate [|vy — v2|lc,(jo,r);c1+0®n))- We have

lv1 = v2ll oy o,ps0n4e Rr)) = JSup 187 [01(2) = va ()] or+p(n) <
<t<r

0 [1Gu(t0) = Guslt. ) fun o) do

sup [[#7[Gy (£, 0) = G (1 0)J4 14 gamy + sUD

o<tr o<tlr cl+p(Rn)
t
+ sup ‘tﬁ/ Gy (t,0)[fus(0) = fuy(0)] do <Iy+ Iy + I5.
0<t<r 0 Clte(R™)
I is estimated as follows:
t
B= sup (67 [ Gy (6,00, () = A ()] Gra0,0)0
0<t<r 0 Cl+e(Rn)

< c(p, O)KCElur — ual|cv (0,10 (reyyr? H/2HO=P/2,

Similarly to I7, and thanks also to (3.13), I5 is estimated as follows.

tﬁ/ / wi (6, T) [ A, (T) = Ay ()]G, (7, 0) d7 fu, (0) do

I, = sup
0<t<r Cl+e(Rn)
< Cllus — uallcv((o,g;00®eyr 7T,
where C' > 0 is independent of uy, us, r. Finally, using also to hypothesis H3, we get
I3 < Clluy — uallcygo,mcrte@eyr' 7712,
where C' > 0 is independent of uy, us, r. Therefore there exists dg > 0, such that for 0 < r < dg,
[v1 = vallesqo,scrtemny) < = ! (Hu1 — ugllev(o,icn @) + lur = uzllcyqorcrte@ny))- (3.16)

We have thus proved that there exists § := min{4, &5, 5, d7, dg }, such that for 0 < 7 < & we have
lvr = valle, o010 )y + V1 — vallov (0,100 (R7Y)

1
< 5l = wallev o.rpom ey + lr = uzlleyqorcreo@ny)  (3:17)

Consequently, I" is a 1/2-contraction that maps Y into itself, and hence there exists a unique u € Y such
that T'(u) = u, i.e., there exists a unique solution of (2.1) in Y.

Third step. Further regularity.
Let u be the unique fixed point of v in Y. The same estimates of the first step, points 3) — 4) show that
t = Gu(t,0)1) € C1_g4p)/2(]0,7]; CHP(R™)) and that z(t fo (t,0) fulo)do € Cag_1/2(]0,r]; CTTP(R™)).
Thanks to the ch01ce (3.10), we have 26 < 1 — (6 — a)/2 and a < p, so that 260 —1/2 < (1 — 6+ p)/2,
z € C1—p+p)2(]0,7]; C*TP(R™)) and hence u € C(1_gp)/2(]0,r]; C*TP(R™)) and f, € C1_g4,(]0,7]; CP(R™)).
Applying once again estimate (3.6) we get that z is bounded with values in C(R™) for each o < 24 p—40;
in particular, due to the choice of p and 3, z is bounded with values in C?(R™). Since G, (-, 0)% too is bounded
with values in C?(R™), then
= Gy(-,0)) + z € B([0,7]; C*(R™)). (3.18)
Let us prove that u(t) belongs to C*?(R") for ¢ > 0 and that [|tu(t)||c2+s(rn) is bounded. Again, we
need more than one step. First we estimate |[u(t)||c2+a®n). By estimates (3.4) and (3.6) we get

01 03
lu(llcz+e@n) < Fogmaym ¥los @) + Goar—pmayz 1 fulleror, 000,00 @)
__c
= A=(0-a)/2

with a suitable C' independent of ¢.

Second, we improve the regularity of u up to t = 0 with values in C*(R"™). Indeed, the same estimates
of the first step, show that u belongs to C®=®)/2([0,]; C*(R™)). More precisely, the estimate of point 1)
shows that t — G, (¢,0)y € C=/2([0,7]; C*(R™)), while using the fact that f, € C1_g4,(]0,7]; C*(R"™)),
the estimates of point 2) with 1 — 6 4 p replacing 23 shows that z € C(*=*)/2([0,r]; C*(R™)). Summing up,
u € CO=/2([0,r]; C*(R™)).



Since u is bounded with values in C?(R"™) and ¢ ~ tu(t) is continuous for ¢ > 0 and bounded with values
in C?T%(R"), from the interpolation inequalities

(02—061 63—01 62—61 03—01
Il oo ey < comstllioll gty o Sy ] 2 (3.19)

with 61 = 6, 62 = 2, 63 = 2+ a, we get u € C1_g/2(]0,7]; C*(R™)), so that by hypothesis H3 f, €
Ca-6(]0,7]; CE(R™)). Therefore there is C > 0 such that

IN

C
t—_e, 0<t<r. (320)

C
u(t/2)]|c2tem@mny < A (-2’ I fulie /2.l cqey2,00; CL(R™))
Using the variation of constants formula we write u(t) as

u(t) = Gu(t, t/2)u(t/2) + t Gu(t,s)fu(s)ds, 0 <t <r.

t/2

Using estimates (3.5) with §; = 2+ «, 65 = 6 in the first addendum, 6; = 1, 65 = 6 in the second addendum,
gives A, (t)u(t) € C?(R™) and

[Au(t)u®)co@n) <

so that (3.20) implies

C _
WT)/Q||U(75/2)HC2+@(R”) +Ct—t/2) "2 /2 /2.0t @ny)

[Auu®)llco@n < —, 0<t <,

where C' > 0 is independent of ¢. Since u is bounded with values in C?(R"), assumption H1 with 6 instead
of a gives

¢
t

u(t) € C*H0(R"), [u(®)l|c2vo@mny < g, 0<t<r. (3.21)

Let us apply again the interpolation estimate (3.19) with 8; = 0, 0 = 140, 65 = 2+ 0. We get u €
C1/2(]0,7]; CYH9(R™)), so that f, € C1(]0,r]; C?(R™)). It follows that

tu'(t) = t[A, (H)u(t) + fu(t)] € B(0,7]; C*(R™)). (3.22)

It remains to show that u € C%2([0,]; C,(R™)). To this aim, we recall that u € Cy_g2(]0,7]; C2(R™)),
so that Ayu € C1_g/2(]0,7]; Cy(R™)), and using once again (3.19) with 0, = 0, 6 = 1, 03 = 2 + 0, we get
u € Cii_g)/2(]0,7); C*(R™)), so that f, € Ci1-4(]0,7]; Co(R™)). Therefore, u' € Ci_g,2(]0,7]; Co(R™)), and
this implies that u € C?/2(]0,7]; Cy(R™)). Recalling (3.18), (3.21), (3.22), all the claims about the regularity
of the solution are proved.

Fourth step. Uniqueness.
Let u1, up be two solutions with the specified degree of smoothness, and let to = sup{t € [0,7] : w0 =
u2|[07t]}. We have to show that tg = r. Assume by contradiction that tg < r and set

Yo = u1(to) = ua(to),
K = max{|[uillcor2((0,:0,mny) T SUP tl|ui(t)[[o2+omny + sup tllug(t)lcomn), i =1,2}.
o<t<r 0<t<r
The first part of the proof implies that there exists g € ]0,r —tg] such that for each § €]0, o] the problem

{ z/(gi?)::ig(t))u(t) + F(u(t)), te (to,to+4], (3.23)

has a unique solution in the space

= { u e CV([tQ,tQ + 6],Ca(Rn)) N Cg(]to,to + (5], Cl+p(Rn>) :

Hu(> - wO||C"([to,to+6];Ca(Rn)) S R) Supt0<t§t0+§(t - to)BHU(t)Hch(Rn) S R}
For s <t € [to,to + 0] we have, thanks to (3.19),

—a /0 a/6
s (t) = i (5) | oy < comst s (£) — wi(s) [0 s () = wi () |y

< const.(t — 5)(0=0/2(2K)*/? < const.(t — )" (2K)*/05(0=)/2=v



and
1—(14p— 9)/2” uit )H(H'P 0)/2

||tﬁui(t)||01+ﬂ(R") < const.t7 |Ju;(t )”ce Rn) C2+6 (Rn)

< const.tPt—(+r=0)/2 ¢ < Const.(gﬁ*(pﬂ’*e)/?[(’

for i = 1,2, so that if ¢ is small enough, both wy 1,46 and wugj,,4046) belong to Yo. This implies that
U1 |[to,t0+6] = U2|[to,t0+5], @ contradiction.
This concludes the proof of the theorem. O

4. AN APPLICATION TO STOCHASTIC FORWARD-BACKWARD SYSTEMS
In this section we discuss an application of Theorem 2.2 to a class of forward-backward systems. We make
the following assumptions.
Hypothesis 4.1. We are given:
(i) a final time T > 0;

(ii) an n-dimensional Brownian motion {W;}i>o defined on a probability space (0, F,P), we denote by
Fi its natural filtration completed with the null sets of F;

(iii) the maps h(z,u,p) : R*XRxR" - R, g(x,u,p) : R* xRxR" — R" and o(x,u) : R"* xR — R"™ that
are Lipschitz continuous in the first variable uniformly with respect to u and p and twice continuously
differentiable in the other variables with second derivatives bounded uniformly with respect to x;

(iv) a constant K > 0 such that for allx € R", y € R and z € R":

lo(z,y)l < K1+ [yl),
lg(z,y, 2)|| < K(1+ |yl +[1=]),
h(z,y,2)] < K(1+ |yl + [|2]%);

(v) a positive constant ¢y such that for every x € R,y € R,

a;j(@,y)nin; > colnll*  Vn € R,
where a; j(x,y) = (00%); j(z,y) for every x € R™,y € R;
(vi) a function ¢ € C*(R™), 6 € (0,1).
For every r € [0,T] we introduce the following partial differential equation,

Ou(t,x) + 5 Z caij(z,u(t, )07 ju(t,x) = f(z, u(t, x), Vu(t,z)), (t,z) e [rT] xR",

u(T, x) = (x),

where

flz,u(t,x), Vu(t,z)) ==
—{g(z,u(t,z), Vu(t,z) o (z,u(t, x))), Vu(t, z)) + h(z,u(t, z), Vu(t, ) o(x, u(t, x))).
We recall the abstract formulation of equation (4.1) in the space C*(R™),

{ u'(t) + A(u(t))u(t) = F(u(t)), te€]r,T], (4.2)

(T) =9, '
with the identification of Section 2 for A and F', and u(¢t)(x) := u(t, ).

It easy to verify that under the above assumptions (iii), (iv), (v) on the coefficients, the functions A and
F satisfy Hypotheses 2.1, so that Theorem 2.2 may be applied, and there exists a unique local solution of
(4.2), u € C¥2([T — 6, T); Co(R™)) N B(|T — 6, T); C?(R™)) for some § €]0, T, such that u(t) € C2+¢ (R™) for
cach 0’ €]0,1[, t € [T — 6, T[, and (T — )+ =0/2||u(t)|| c210r gn) is bounded in [T — 6, 7.

The usual techniques of a priori estimates for parabolic equations may be employed to prove that w is
extendable to a solution in the whole interval [0,7]. Since we have not found any proper reference in the
literature, we give a proof below.

Proposition 4.2. The local solution given by Theorem 2.2 has an extension to a global solution u €

CO2([0,T]; Cy(R™)) N B([0, T]; CY(R™)) such that u(t) € C2t (R™) for each 6’ €]0,1], t € [0,T],

sup (T — t)1+(‘9/_9)/2||u(t)||Cz+9/(Rn) < oo, sup (T - t>(1_9)/2HU<t)||Cl(Rn) < 0. (4.3)
0<t<T 0<t<T

10



Proof. Let us reverse time once again and consider problem (3.1). It is clear from the proof of Theorem
3.1 that the number ¢ depends only on ||9|co(gn). Therefore it is enough to bound [|u(t)||cer ) for some
0’ €]0,1[ by a constant independent of ¢. Then standard arguments will yield the statement.
Let C' > 0 be such that
f(z,u,0)u < C(1+u?), z€R", ueck. (4.4)

As a first step, we estimate ||ul| Lo (0,r);0, (r")), for any 7 in the maximal interval of existence of u, proving

that
A C
sup [lu(t)lloo < €™ max 4 [lu(a)llso, \/ v ¢ (4.5)
a<t<r

for each A > C and a €10, r|.

Fix any A > C, and set v(t,2) = u(t)(x)e . If [[v]| Lo (ja,rxrr) = [v(t0, o) for some (fo, o), the usual
arguments that lead to the maximum principle in bounded sets (see e.g. [8, Thm. 2.9]) yield (4.5). If |v|
does not attain a maximum, the arguments of [8, Thm. 2.9] have to be modified. We assume here that
lv]]oo = supv > 0; if ||v]|oo = —infv < 0 we may argue similarly. For each k& € N let (¢x,xr) be such that
v(tg, k) > ||v|loo — 1/k. Let ¢ be a smooth function such that

0<ep(x)<1l, ¢=1inB(0,1), ¢ =0 outside B(0,2),
and set )
ve(t, ) zv(t,x)—l—po(x—xk), a<t<r,zeR" kel (4.6)

Then each vy has a maximum, ||vg]|ec = max vy, and

= 1 o At 2 207 ;p(x—m)
Dyvg(t,x) = 535, aij(x,v(t,2)e) (07 juk(t, o) — =5—

2\
+f(x,v(t, v)eM, Vo(t, z)er)e ™M — \ug(t, z) + ?4,0(3: — Zp).
If the maximum of vy, is attained at ¢ = a, then

[vklloo < [lv(@)]loc + 2/k- (4.7)

Otherwise, at any maximum point (¢, z) for vg, with ¢t > a, we have

v
0 < v Dvy, — ?k Za‘i’j(w’U(tvx)e)\t)aszk = M2 + f(z,0(t, 2)eM, 0)e Mo(t, z) +
1,7

where
go(t, z) = 2f(x,v(t, .Z‘)(i)\t, O)e‘”gp(x — 1),
1
gr(t,x) = = aij(z,0(t,2)eM)07 jp(x — x1) + 2hp(w — 1) — 2/ (Dp f(z,veM, o Dve), Doz — xy))do,
1,5 0

so that
l90llec < 2sup |f (2, u,0)] := Co,
lg1lloe < Y1102 @llo sup las ; (@, w)| + 2| Dplloo sup |Dp f (2, u, p)| + 2 := C1,
i,J

where the suprema are taken for x € R", u € Range u|[q,/]xr», p € Range Dujj, ,)xr» and hence they are
finite. On the other hand, due to (4.4),

4 4
(e, 00 Vo(t,2) < CQL ol < (1 ot + ol + 55 )

Fix any € > 0, and let k be so large that Cy/k + 4C/k* < ¢ and (C; +4C)/k < e. Then
(A = O)llox 3 = ellvglle —e = C <0,
so that

€+\/52+4()\—C)(€+C).

<
||UkHOO — 2()\_0)

Recalling (4.7) and (4.6), this leads to (4.5).
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As a second step, we find a bound for the Hélder norm of u(t). Due to (4.5), the functions
a; j(t, ) == a; j(z,u(t)(x)), a<t<r zeR",

satisfy

n
00‘77|2 < Z ai,j(tﬂz)ninj < 01‘77|27 a<t< T, T, ne an
ij=1
where c¢g is given by hypothesis 4.1(v), ¢; depends only on K, C, A\, and the function

f(t,xap) = f(:c,u(t)(x),p), a<t<r xz,peR”,

satisfies
|t 2,p)| < calp? +1),
with ¢y depending only on K, C, \. Since
n
Dyu(t,z) = Z a; j(t,x)Diju(t,x) + f(t,x, Du(t,z)), a<t<r zeR",

i,j=1
we may apply the nonlinear version of the Krylov-Safonov Theorem (see e.g. [9, lemma 11.4]), to get the
existence of 8’ € (0,1) such that

u(t) ey < s, a <t

with c3 depending only on ¢, c1, ca and on sup,<;<, [|[u(t)||c- The statement follows. O

Let us introduce now a family of stochastic differential equations - SDEs -, for every r € [0,T] and every
Fr-measurable and square integrable random variable &,
{ dXs = o(Xs,u(s, Xs)) dWs + g(Xs, u(s, Xs), Vu(s, Xs)*o(Xs, u(s, Xs))ds, se€|[r,T],

e (4.8)

We will need the following lemma.

Lemma 4.3. Assume that (i)-(ii)-(ii)-(iv) hold. Then equation (4.8) has a unique strong solution that is
an adapted process { X : s € [r,T|} with continuous trajectories such that

E sup || X7¢)? < +o0. (4.9)

s€[r,T)
Sketch of the proof. The solution is found, as usual, by a fixed point theorem in the Banach space of
processes that are adapted and continuous, endowed with the norm || X|[|=(Esup e, 1 | X]|?)*/2. Indeed,
thanks to (4.3), the coefficients behave like the Lipschitz continuous coefficients treated by the classical
theory of SDEs, see [7] for instance. The details of the proof of similar results can be found in [7] or in [5,
Proposition 3.2], that deals with the infinite dimensional case. O

We have

Theorem 4.4. Let Hypothesis 4.1 hold, fit x € R™, 0 < r < T, and consider the system
dX:YCE = g(Xg’z7 )/Sr’z7 Zg’l‘) ds + O’(Xg,z7 YVSTYCE) dW?’ S E [T7 T]7
AYZ = WX, Y2, 20%) ds + 277 dW.,
X' =z,
YT = (XY,

There exists a unique triplet of adapted processes (XI®,Y", Z0%) : Q x [r,T] — R™ x R x R™ that satisfies

(4.10). Moreover for every x € R™ and r € [0,T],

(4.10)

T
E sup | X[7* +E sup IYJ’$|2+]E</ |Z§’””||2d8> < oo

s€[r,T] s€[r,T]

Proof. We already remarked that equations (4.1) and (4.8) have (unique) solutions.
Thus it is sufficient to verify that the triplet

('X;757 }/ST,§7 Z;7£) = (X;7£7 U(S, 'X;7€)7 vu(87 X;,€>*U(’X;7€7 ’U/(S, X;7§)))

is a solution to the forward-backward system (4.10).
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Indeed, since u solves (4.1) and for every £ > 0 it belongs to C*([0, T—¢], C*(R"))NC([0, T —¢], C*+*(R™)),
we can apply the It6 formula to get

T—e

T—e
u(T, X8 = u(T — e, X725 ) — / Dsu(s, X¢) ds — / Veu(s, X7 o (X0 u(s, X)) dW,

T

1= :
—5/ Zaw (s X”g))(‘?2 u(s, X™%) ds

T—¢
- / (9(XT€ uls, XT€), Vuls, XT€) o (XT€, uls, XT))), Vuls, X7)) ds
T—e

=u(T —e, X35 ,) - / R(XDS, u(s, X%), Vu(s, X0 o (X7, u(s, X7%)) ds

T—¢
—|—/ Vou(s, X0 o (X0 u(s, X)) dW.
Now, since u € C?=)/2([0, T]; C*(R™)) and X7¢ has continuous trajectories, letting £ go to 0 we obtain
w(T — e, X35 ) — ¢(X75), P—a.s.
Moreover for some constant C' > 0,

[(XT8, u(s, X0%), Vul(s, X09) o (X0 u(s, X09)| < K (1 Juls, X0%)| + [Vu(s, X7°)[%)
SCU+(T—s)71*070),  P-as,
with p € (0,6). Letting € go to 0 we find

T—¢
/ h(X;"’f, u(s, XST’E)7 Vu(s, X;”g)*U(XST’E7 u(s, X;"’&)) ds —

T
/ R(XDS, u(s, X1%), Vu(s, X0 o (XD, u(s, XI'%)) ds, P—as

Hypothesis (iv) and (4.3) imply that there exists a constant x > 0 such that
E([Vau(s, X7 o (X0 u(s, X79))|?) < 2K2E(|Vauls, XD 21+ [u(s, X79)P). < w(T—s) 077 (4.11)

Then, at least along a subsequence 5, > 0,
T—e T
/ Vaou(s, X5 o (X7 u(s, X08) dW, — / Veu(s, X9 o (X8 u(s, X78)dW, P — as.
Therefore, for every 7 € [0, 7],
T
u(r, X% = \II(X}’g) —/ R(XS, u(s, X%), Vu(s, X0 o (X7, u(s, X)) ds

T
+/ Vou(s, X0 o (XIS u(s, X08)) dW,, P —as.

Thus we have verified that (X4, V¢ Z5¢) solves system (4.10).
We still have to prove the claimed regularity properties of the processes {Y7*¢ : s € [r,T]} and {Z7"¢ : s €
[r,T]}. Thanks to the regularity of u we have, for every r € [0,T],

E sup [Y)5)? =E sup [Ju(s, X2 < [[ullf o (g xmn) == F1 < 00. (4.12)
s€r,T| s€[r,T]

and recalling estimate (4.11) we get
T T T
[ Bz s = [ BIVals, X0 o (X uls XpD Pds < [ (=970 s,

T T

This concludes the proof of the theorem. O
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