ASYMPTOTIC BEHAVIOR AND HYPERCONTRACTIVITY IN
NONAUTONOMOUS ORNSTEIN-UHLENBECK EQUATIONS

MATTHIAS GEISSERT, ALESSANDRA LUNARDI

ABSTRACT. In this paper we investigate a class of nonautonomous linear parabolic
problems with time-depending Ornstein-Uhlenbeck operators. We study the asymptotic
behavior of the associated evolution operator and evolution semigroup in the periodic
and non-periodic situation. Moreover, we show that the associated evolution operator
is hypercontractive.

1. INTRODUCTION

In this paper we continue the investigations of [DPL06, GLO7] on a class of nonau-
tonomous linear parabolic problems with time-depending Ornstein-Uhlenbeck operators.
We study asymptotic behavior and hypercontractivity in Cauchy problems,

us(s,x) + L(s)u(s,z) =0, s<t, xR,
(1.1)
u(t) = ¢(z), = € R",

as well as equations with time in the whole R and no initial or final data,
(1.2) (s, z) — (us(s, z) + L(s)u(s,x)) = h(s,x), s € R, z € R"
Here (L(t))ter is a family of Ornstein-Uhlenbeck operators,

(1.3) L({)p(x) = %Tr (B(t)B*(t)Dip(x)) + (A(t)z + f(t), Dap(z)), «e€R",

with continuous and bounded data A, B : R — L(R"™) and f: R — R™. Throughout the
paper we assume that the operators £ are uniformly elliptic, i.e. there exists g > 0 such
that

(1.4) |B(t)x| > wollz|l, teR, zeR"™

The backward Cauchy problem (1.1) is the Kolmogorov equation of the nonautonomous
stochastic ODE

dX; = (A(t)Xe + f(t))dt + B(t)dW (1),
(1.5)
Xs ==,
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where W (t) is a standard n-dimensional Brownian motion and s € R, x € R". Indeed,
denoting by X(s,t, ) the solution to (1.5), for each t € R and ¢ € CZ(R") the function
u(s,x) == E(e(X(s,t,2))) satisfies (1.1). See e.g. [GS72, KS91].

Under our ellipticity assumption, u is in fact a classical solution to (1.1) just for
¢ € Cp(R™). The transition evolution operator Psip(z) := E[p(X(t,s,x))] may be
explicitly written as

(1.6) Pospla) = / W) Nomespoes) (@), @ € Co(RY), 5 <t.

Here Ny (t,6),Q(t,s) 18 the Gaussian measure with mean m(t, s) and covariance Q(t, s) given
respectively by

(17) m(t,s) = U(t, s)z+ / Ut ) f(r)dr,  Q(t,s) = / U (t, ) B(r) B*(r)U* (£, r)dr,

and U is the evolution operator for A(-), i.e. for each x € R™ the function ¢ — U(t, s)x
is the solution to &'(t) = A(t)&(t), £(s) = x.

In the autonomous elliptic case B(t) = B, A(t) = A, f(t) = 0, with det B # 0, we
have Ps; = T'(t — s) where T'(t) is the Ornstein-Uhlenbeck semigroup. T'(t) is a Markov
semigroup in Cy(R™). Its asymptotic behavior is well understood in the case that all the
eigenvalues of A have negative real part, so that ||e!|| decays exponentially as t — oo.
In this case, for each z € R™ T'(t)p(x) converges to a constant which is the mean value of
¢ with respect to the unique invariant measure p = Ny g of T'(t), i.e. the unique Borel
probability measure in R™ such that

[ rwedn=[ pdn t>0 pecum),

For each p € [1,+00), T'(t) is extended in a standard way to a contraction semigroup (still
denoted by T'(t)) in LP(R™, u). If ¢ € LP(R™, i), then T'(t)¢ converges exponentially to
the mean value of ¢ in LP(R"™, 11), and the rate of convergence coincides with the rate of
decay of ||e!4|| to zero. Moreover, T(t) is hypercontractive, i.e. for p > 1 and t > 0 it
maps LP(R™, 1) into LI (R", 1) for a suitable ¢(t) > p, and with norm < 1.

In our nonautonomous case the assumption that ||e*4|| decays exponentially as t — oo
is replaced by the assumption that ||U(¢,s)|| decays exponentially as ¢ — s — oco. More
precisely we assume that

wo(U) :=inf{ weR: 3IM = M(w)suchthat
(1.8)
|U(t,s)]] < Me*(t=9) —o0 <5<t < o0} <0.
Then there is not a unique invariant measure, but there exist families of Borel probability

measures {v; : t € R}, called entrance laws at time —oo in [Dyn89] and evolution systems
of measures in [DPRO5], such that

(1.9) / P dvg = / edy, @€ Cy(R"), s<t.
n ]R’n

Such families are infinitely many, and they were characterized in [GL07]. Among all of
them, a distinguished one has a prominent role in the asymptotic behavior of P, ;. It is
the family of measures v; defined by

(1.10) vy = Ng(t,—oo),Q(t,—oo)a t e R,
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and it is the unique one with uniformly bounded moments of some order, i.e. there exists
«a > 0 such that

(1.11) sup/\$|°‘1/t(dx) < 400.
teR
RTL
In fact, it satisfies (1.11) for each o > 0. This implies that for each ¢ € C,(R") and for
each t € R, x € R"™ we have

lim P57tg0(:£):/ o(y)duy.

§——00

As in the autonomous case, we have a much better behavior if we work in LP spaces
with respect to the measures 4. But in this context, the evolution operator Ps; maps
LP(R™, 1) into LP(R™, vs), hence it cannot be seen as an evolution operator in a fixed
Banach space X. Still, we have the contraction estimate

1 Potll czr®n ) o@rp)) <1, s <t

as well as smoothing estimates, proved in [GL07], that are optimal both for ¢ — s close
to 0 and for t — s — oo, and that are quite similar to the corresponding estimates in the
autonomous case:

Ot — g)lal2gwlal(t=s) <t —5<1
(112) D2 Pyl one(e s Lo o) g{ (t — s)~1ol/2e , s <1,

Cewlollt=s) ¢ _ s> 1.

Here « is any multi-index, w is any number in (wo(U),0) and C = C(a,w).

Such estimates are the starting point for our study of asymptotic behavior in the L?
setting. As in the theory of ordinary differential equations, we get very precise asymptotic
behavior results if the data are time periodic. In this case the asymptotic behavior of
the evolution operator Ps; is driven by the spectral properties of Py 7, where T' is the
period. Note that Py r is a bounded operator in L?(R"™, 1) since vy = vy. By estimates
(1.12), Py is bounded from L%(R™, 1) to H'(R™, 1), which is compactly embedded
in L?(R", 1) since vy is a Gaussian measure with nondegenerate covariance matrix.
Therefore, its spectrum consists of 0, plus (at most) a sequence of eigenvalues. We show
that the unique eigenvalue of Py in the unit circle is 1, that it has eigenvalues with
modulus equal to exp(wo(U)T'), and that the modulus of the other eigenvalues does not
exceed exp(wo(U)T).

For any t € R and ¢ € L2(R", 1) let

My ::/ p dyy

be the mean value of ¢ with respect to 4. We know from [DPLO06] that the L?(R™, vg)-
norm of Ps (¢ — M) converges exponentially to 0 as t—s — oo. Using the above spectral
properties, we determine the exact convergence rate, proving that for each w € (wo(U), 0)
there is M > 0 such that

(1.13) | Pasle = Myp)ll 2y < M @l oy, s <t, @ € LA(R™, 1),

and that for each w < w(U) there is no M such that (1.13) holds. Moreover, (1.13) holds
also for w = wp(U) iff all the eigenvalues of U(T,0) with modulus equal to exp(Two(U))
are semisimple.
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Still in the case of T-periodic coefficients, a natural setting for problem (1.2) is the space
Li (R 1) consisting of the Lebesgue measurable functions h such that h(s + T, z) =
h(s,x) a.e. and the norm

1 T ) 1/2
1l (gitn oy = (/ / (s, 7)| dusds>
e = (7 [

is finite. In the paper [GLO7] we showed that if A is any complex number, h € Li (R ),
and u € L% (R"™",v) N HY?(RM™" dt x dz) is a time periodic solution of (1.2), then u
belongs to H#Q(RH", v) i.e. uy and all the space derivatives ug,., belong to L% (R*", v).

The operator
Gy : D(Gy) = Hy (R, v) — LL (R, v),

Gyuu(s,z) = us(s,x) + L(s)u(s, x)

may be seen as the infinitesimal generator of the evolution semigroup PFuin Li (R 1)
defined by

(1.14) (P#u)(s,x) = (Pssiru(s +7,))) (z), s€R, 2 €R" 7>0, uc Li(RH”, v),

and the measure v is invariant for the semigroup (P¥);0, see [DPL06]. Although
(777# )r>0 is not a standard evolution semigroup (since, as we already remarked, Ps o1,
does not act in a fixed Banach space X but it maps L?(R", vs,) into L?(R",vs)), a part
of the classical theory of evolution semigroups may be extended to our situation, and
the spectral properties of the generator G4 are strongly connected with the asymptotic
behavior of 737# . In its turn, the asymptotic behavior of 737# may be easily deduced from
the asymptotic behavior of P, ;. In particular, setting

(1.15) (M) (t, z) :== Myu(t, ), teR, zeR",

and using (1.13), we see that PHu converges exponentially to Ilu as 7 — oo, for each
u € Li(RH", v), and the growth bound of (Pf(I—H))TZO is wo(U). II is the spectral pro-
jection relative to o(Gx)NiR = 2miZ /T, its range is isomorphic to Li(R; dt). Moreover,
G4 has infinitely many isolated eigenvalues on the vertical line {A € C: Re A = wo(U)}.
The real parts of the remaining eigenvalues are less than wy(U). On the other hand, the
spectrum of G consists of eigenvalues only, because D(Gy) is compactly embedded in
Li(RH", v) as we proved in [GLO7].

So, G has a spectral gap that corresponds precisely to the asymptotic behavior of
(PF(I - IT));>0. This implies that for each A\ with real part in (0,400), in (wo(U),0),
and also for A € iR\ 2miZ/T, for each h € L:Q#(RI—HL,V) equation (1.2) has a unique
solution u € D(G%). For A = 0, it is easy to see that the range of G4 consists of the
functions h such that the mean value fOT Jgn h(t,x) dvy dt vanishes, and in this case the
solution of (1.2) is unique up to constants.

If the data are not periodic but just bounded, a natural Hilbert setting for problem
(1.2) is the space L?*(R*" 1) consisting of the Lebesgue measurable functions h such

that the norm
1/2
Il oy = ( [ [ s dysds>
R JR»
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is finite. A maximal regularity result similar to the one in the periodic space still holds,
namely if A € C, h € L2(R"™",v) and u € L2(R'*",v) N H.? (R, dt x dz) is a solution
of (1.2), then v € HY*(R"" v) ie. u; and all the space derivatives g, belong to

L?(R'*™ v). The operator
G : D(G) = HY?(R" v) — L2(RY7 v),

Gu(s,x) = us(s,z) + L(s)u(s, x)

is the infinitesimal generator of the evolution semigroup (P;),>0 in L2(R'™ v), defined
as 737# by

(1.16) (Pru)(s,z) = (Pssrru(s+71,-)) (), s€R, zeR" 7>0, ue L2(R1+", v).

See [GLO7]. A part of the properties of (P),>0 and G4 are enjoyed by (Pr),>0 and G.
However, without periodicity and compact embeddings, the results are less precise. G
has still a spectral gap: its spectrum contains the whole imaginary axis, and it has no
elements with real part in (cp, 0), where ¢y < 0 depends on A and B. Therefore, for each
A with real part in (cp,0) U (0, +00) and for each h € L*(R*", v), equation (1.2) has a
unique solution in D(G). For A = 0, we show that for h € L?(R*", v) problem (1.2) has
a solution in D(G) iff the function ¢ — M;h has a primitive in L?(IR;dt), in this case the
solution is unique.

The projection II defined in (1.15) is still the spectral projection relative to the imagi-
nary axis, the range of IT is isomorphic to L?(RR; dt), the restriction of (P;),>¢ to the range
of II is the translation semigroup in L?(R;dt), and the growth bound of (P, (I —1II)),>o
does not exceed cg. So, for each u € L?(R'**" v), Pru converges exponentially to Ilu as
7 — oo and we have an estimate for the convergence rate; the optimal convergence rate
is still an open problem.

Our procedure is reversed with respect to the periodic setting. As a first result we show
that P, (I — II) converges exponentially to zero through Poincaré type inequalities that
hold in D(G). Then from the general theory of semigroups, it follows that the spectrum
of the part of G in (I —II)(L?(R'*™ 1)) is contained in the halfplane {\ € C : Re A < ¢o}.
Moreover we obtain asymptotic behavior properties of P, ; from the asymptotic behavior
properties of P, adapting to our situation the method used for the standard evolution
semigroups and evolution operators. A crucial point in the proof is the continuity of the
function s — ||PS7S+T¢||%2(R”‘,VS)’ for each 7 > 0 and for each good ¢, say ¢ € C}(R").
Eventually, we obtain

1Pss(p = Mo 2 @n ) < €Nl 2@niny, 5 <t, 0 € LR 1),

where ¢ is the above constant.
In the last section we show that (Ps;)s<; is hypercontractive, i.e. Ps; maps LY(R", 1)
into LP(Y(R™, v,) for suitable p(s,t) > q if s <t, ¢ > 1, and

[ Pse2ll Loty mn ) < Nl Lagn i), @ € LUR™ 1), s <1t

Moreover, p(s,t) > 1+ (g — 1)e2©(=t, Estimates of this type are well-known in the
autonomous case, see [CMG96, Fuh98, Gro75]. As far as we know, this is the first
hypercontractivity result in the nonautonomous case.
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Our approach is based on the ideas used in [Gro75]. More precisely, we differentiate
a(s) = || Pstll Loty mn 0,

with respect to s for suitable functions ¢ and we show that o'(s) > 0 for s < ¢t with
help of a variant of the classical logarithmic Sobolev inequalities. The difference with
the autonomous case is that we have to deal with additional terms since the measure v,
depends on s as well.

2. SPECTRAL PROPERTIES AND ASYMPTOTIC BEHAVIOR

In this section we investigate the spectrum of (P;),>¢ and (Pq# )r>0, and of their
generators. This leads to results about asymptotic behavior of such semigroups, and of
the evolution operator Pk ;.

We already remarked that the general theory of parabolic evolution operators in Ba-
nach spaces cannot be directly applied to our Ps; because it does not act on a fixed
L? space but it maps X (t) = L?*(R",1;) into X(s) = L?*(R",vs) and these spaces do
not coincide in general. The same difficulty arises for the evolution semigroups (777# )r>0
and (Pr)r>0, since the general theory (see e.g. the monograph [CL99]) has been devel-
oped for evolution semigroups associated to evolution operators in a fixed Banach space
X. Therefore, we have to start from the very beginning. However, some results can
be extended to our situation with minor modifications. This is the case of the spectral
mapping theorems of the next subsection.

2.1. Spectral mapping theorems. We start with the spectral mapping theorem for
(7377?E )r>0. Next proposition 2.1 is is a variant of [CL99, Theorem 3.13] for time-depending
spaces. Its proof is based on the “change-of-variable” trick, see [LMS95].

We need some preparatory remarks.

If X is any Banach space, we define the space Li(R,X ) as the space of all Bochner
measurable functions Z : R — X, such that Z(0 +T) = Z(0) for almost all § € R and
1Z]> := J 1 Z(8)]1% 46 < oo.

If X = Li(RH”), then Lié(R, X) may be identified (setting z(0,t,x) = Z(0)(t,x) for
each Z € Li (R, X)) with the space LQ#(]R“”) consisting of the Lebesgue measurable
functions z defined in R**" such that z(8 + T,t,z) = 2(0,t,x), 2(0,t + T,z) = 2(0,t,x)
for almost all 0, t € R and € R", endowed with the norm

I2]) = % (/OT/OT/ 1200, 1, 2)[2va(da) dt d9> "

Proposition 2.1. If A, B, and f are T-periodic, then
c(PH)\ {0} = ™) 7 >0.

Proof. The inclusion 77 (G#) (7(7735é ) comes from the general theory of semigroups, see
e.g. [EN0O, §3.6]. We have to prove that o(P¥)\ {0} C e™(@#) or, equivalently, that if
A € p(G4) then e™ € p(P).

Set X := Li (R1™). We define two semigroups in the space Li(R, X). The first one

is the T-periodic evolution semigroup associated to our semigroup 737# , the second one is
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the so called multiplication semigroup by P
(P,2)(0) = PF(z(O-7)), 7>0,

(&2)(0) = PF(z(0)), T>0.
It is easy to see that the infinitesimal generator A of (£;),>¢ is the multiplication operator
by G4, that is
D(A)={Z € L4(R,X) : Z(0) € D(G4) ae}, AZ(0) =G4Z(0),
the resolvent set p(A) of A coincides with p(Gy), and (R(\, A)F)(8) = R(\,Gx)(F(0))
for all A € p(Gy), F € Li(R, X) and 0 € R.

Now we prove that p(4) = p(G), where G is the infinitesimal generator of (737)720-
Setting as above z(0,t,x) = Z(0)(t,z), we identify Li(R,X) with Li(R“”). Then

P, and &,z may be rewritten as semigroups in Li(R“”),

(Pr2)(0,t,2) = PE20—7,-)(t,2) = Prpyrz(0—1,t+7,-)(2),

(STZ)(97t7 .%') = sz(Q,-,-)(t,:n) = Pt7t+7—2(9,t+’7',')(1‘)-
We define the isometry J : Li(R“”) — L, (R**™) by
(J2)(0,t,2) = 2(0 — t,t,z), (0,t,x)ecR>™.
Then &,J = JP; for each 7 > 0, and this implies immediately that D(G) = J~1(D(A)),

G =J1AJ and p(G) = p(A).
So, we have

p(Gy) = p(A) = p(G).
Since (ﬁr)rzo is an evolution semigroup, then by the general theory of evolution semi-
groups we have p(P¥) = p(P,) = (@ for each T > 0, see e.g. [CL99, Theorem 2.30].
In particular, if A € p(G) then ™ € p(P;) = p(PF), and the statement follows. O

We have a corresponding result in the non-periodic case. The proof is the same, with
the space L?(R, L?(R'™,v)) instead of Li(R, Li(RH")),

Proposition 2.2. We have
o(P)\ {0} =e@ >0,

2.2. Exponential dichotomy and asymptotic behavior of F;; in the periodic
case. Throughout this section we assume that A, B, and f are T-periodic. As in the case
of a fixed Banach space X (see [Hen81]), the asymptotic behavior of Ps; is determined
by the spectral properties of the Poincaré operators,

V(t):= Pr_1s € L(L*(R™,1y)), tER.

In the following proposition we collect the spectral properties of the operators V (t)
that will be used in the sequel. An important role is played by the projections on the
subspace of constant functions, given by the mean values:

(2.1) Mo ::/ ¢ du, @€ L*(R™ ).
R
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We recall that the eigenvalues of U(t + T,t) are independent of ¢, and that A is a
semisimple eigenvalue of U(t + T,t) iff it is a semisimple eigenvalue of U(T,0) iff it is
a semisimple eigenvalue of U*(T,0). Moreover, denoting by rg the spectral radius of all
the operators U(t + T, t) we have wy(U) = %log T, 1.€.

ro = e T
Proposition 2.3. The spectrum of V(t) is independent of t, and it consists of isolated
etgenvalues with modulus < 1, plus 0. Moreover,
(a) If X € o(V(t)) and |N\| = 1, then X\ = 1, it is a simple eigenvalue, and the
etgenspace consists of the constant functions. The spectral projection is M.

(b) If A€ o(V (t)) and |A| < 1, then || < 1o, and the generalized eigenspace consists
log [A]
logro ~
(¢) For |\ < 1, there exists a non-constant polynomial ¢ of degree 1 satisfying

V(t)p = Ap if and only if X\ € o(U(T,0)). In this case,

1<5§9(tat - T)>’

where € is an eigenvector of U*(t,t — T') with eigenvalue X.
(d) An eigenvalue of V(t) with modulus equal to ro is semisimple iff it is a semisimple
eigenvalue of U(T,0).

Proof. By estimates (1.12), V(t) maps continuously L?(R",v;) into H'(R"™,v;), which is
compactly embedded in L?(R", 1) because v; is a Gaussian measure with nondegenerate
covariance matrix. Therefore it is a compact operator, and its spectrum consists of 0 and
of isolated nonzero eigenvalues.

From the equality

of polynomials with degree <

pla) = (E2) + 1

PS7tV(t) = V(S)P&t, s <1,
it follows that if ¢ is an eigenfunction of V(¢) with eigenvalue A # 0, then Ps;p is
an eigenfunction of V(s) with eigenvalue . It follows that the spectrum of V(t) is
independent of t.
Let ¢ be again an eigenfunction of V(¢) with eigenvalue A # 0. Then P,_,rp =
(V(t))"p = A" for each n € N, so that, by estimate (1.12),

(2.2) AP ID* ¢l 2 (@n iy < CE M ol p2(gn ), m €N,

for w € (wp(U),0) and for each multi-index a. Therefore, |A] < 1 and D% = 0 if
la] > log|A|/wo(U)T. This proves that the eigenspace consists of polynomials with
degree < log|A|/logrg.
To complete the proof of statement (b) we argue by recurrence. Assume that for some

r € N the kernel of (A — V(¢))" consists of polynomials with degree < log|\|/logro,
and let ¢ € Ker (A — V(¢))""!. Then the function ¢ := A\p — V(t)¢ is a polynomial
with degree < log|A|/logro, as well as V(¢)*¥4 for each k € N. Indeed, each Ps; maps
polynomials of degree n into polynomials of degree < n, for each n € N. Since

n—1

V(t)"e =M — Y MRV ()R, neN,

k=0
then DY(V(t)"p) = A"D%p, for |a| > log|\|/logry. Using (2.2) as before we see that ¢
is a polynomial with degree < log|\|/logry. This proves statement (b).
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Now we can prove statement (a). Estimate (2.2) shows that if V(t)¢o = Ap and |A| = 1,
then ¢ is constant, and since V() is the identity on constant functions, we have A = 1.
By statement (b), also the kernel of (I — V(t))? consists of the constant functions, so
that it coincides with the kernel of I — V(¢), and 1 is a simple eigenvalue.

The projection M; maps L?(R", ;) onto the kernel of I —V (t). Moreover, it commutes
with V (t), since for each ¢ € L*(R",1;) we have

V(t)Mip = Myp = / (@) (d) = / (V(#)o) (#)r—r(da)

n n

_ /R (VR )ndr) = MV (D).

Since 1 is a simple eigenvalue, then M; is the associated spectral projection.
Let us prove statement (c). Let p(z) = ¢+ (¢, ) with ¢ € C and ¢ € C". Then

(V(t)e)(x) = c+ (EU(t,t = T)x) + (¢ g(t,t = T)).

Hence, V(t)p = Apiff A € o(U(t,t—T)), Cis an eigenvector of U*(¢,t—T") with eigenvalue
Aand ¢ = (G, g(t,t —T))/(A—1).

Note that U*(¢t,t — T) has at least one eigenvalue A with modulus equal to r¢. By
statement (b), the corresponding generalized eigenspace of V(t) consists of first order
polynomials. Let ¢(z) = ¢+ (¢, ) be a first order polynomial in the kernel of A\ — V' (¢).
The equation (Al — V(t))y = ¢ may be solved only by first order polynomials. If
Y(x) =1 + (C1,x), we have (A — V(t))y = ¢ iff

A =1+ (M, z) — (6, Ut t —T)x + g, t —T)) = c+ (G,z), xR,

that is, (A — 1)eg — (G1,9(t,t = T)) = ¢ and A&y — U*(¢t,t — T)¢1 = € Since € is an
eigenvector of U*(¢t,t —T') and ¢ = (G, g(t,t — T))/(A — 1), we have (A — V (¢))y = ¢ iff
¢1 € Ker A\ —U*(t,t—T))%* \ Ker (\[-U*(t,t—T)), and ¢; = (c+{c1,g(t,t—T)))/(A—1).
Statement (d) follows. O

Statements (a) and (b) are a generalization to the periodic nonautonomous case of
the results of [MPP02, Proposition 3.2] concerning the spectral properties of elliptic
Ornstein-Uhlenbeck operators.

As a consequence of Proposition 2.3 we describe the asymptotic behavior of P; ;¢ for
each ¢ € L?(R™, 1).

Proposition 2.4. (i) For each w € (wo(U),0) there exists M = M (w) such that
(23)  [|Psele = M)l pz@n ) < M@l pz@nney, 5 <t, ¢ € LR, w).

(ii) For each w < wo(U) there is no M such that (2.3) holds.
(iii) Estimate (2.3) holds for w = wo(U) iff all the eigenvalues of U(T,0) with modulus
equal to o are semisimple.

Proof. (i) Let us split L?(R",14) as the direct sum L?(R", 1) = X; ® X., where X;
consists of the functions with zero mean value and X, consists of the constant functions.
The orthogonal projection on X, is M, and by Proposition 2.3 (a) it coincides with the
spectral projection associated to the eigenvalue 1 of V(t). The spectral radius of the
part of V() in X; does not exceed ry by Proposition 2.3 (b), but in fact it is equal to
19, because for each A\ € o(U(T,0)) with modulus rp, A is also an eigenvalue of V (t) by
Proposition 2.3 (c).
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From now on we can proceed as in the standard case of constant underlying space
(e.g, [Hen81, §7.2]). For ¢ € X; and t — s > 2T set m = [s/T]+ 1, k = [t/T]. Since
Porirr = V(0)¥=™, then

1Ps epll 2 (@n ) = [PsmrV (0)* ™ Perspll 2 ) < IV O™l 2(x0) 2l 2 0

where (k—m)T >t—s—2T. Since limy,_, o, ||V(0)h|]£(X0) =rg = e it follows that
for each w > wy(U) there exists M = M (w) such that

HPS,tQOHLQ(R",US) < Mew“_S)HQOHLQ(R",ut)a s <t,

which is (2.3) in our case, because Mpp = 0.

For general ¢ € L?(R™, 1;), applying the above estimate to ¢ — My gives (2.3).
(ii) By Proposition 2.3, V (¢) has some eigenvalue A with modulus ro. If ¢ is an eigen-
function, then it belongs to X; so that Myp = 0. Moreover, for s = t — kT we have
Poyp = Mg so that ||Psy(o — M)l 2,y = [Passpllizen ) = e2@E9), and (i)
follows.
(iii) By proposition 2.3(b)(c), the eigenvalues of V (¢) with modulus in (73, 0) coincide with
the eigenvalues of U(t + T,t) with modulus in (r3,0). Therefore, setting r1 = max{|\| :
A € a(U(T,0)), || < ro}, V(t) has no eigenvalues with modulus in (max{ry,r3},70),
while the part of the spectrum of V' (¢) with modulus equal to ro consists of eigenvalues
of U(T,0). Let Q; be the associated spectral projection, and let us further decompose
X as the direct sum Q¢(X¢) @ (I — Q¢)(X:t). Note that for s < t, Ps; maps Q¢(X) into
Qs(Xs) and (I — Q¢)(Xy) into (I — @Qs)(Xs). The spectral radius of V(0)(I — Qo — M)
does not exceed max{ry,r¢}, so that arguing as in the proof of statement (i) we obtain
that for each w € (logmax{ry,r3},wo) there is M > 0 such that

1Pst(I — Qo — Mol £(r2 (@ i) 12 (@ ey < M9, s < t.

Assume that all the eigenvalues of U(T,0) with modulus 7y are semisimple. Then by
Proposition 2.3(d) they are semisimple eigenvalues of V' (0). Therefore there is C' > 0
such that

IV (0)*Qoll (L2 woyy < Crb, k€N,

Arguing again as in the proof of statement (i), we obtain that (2.3) holds also with
w=wo(U).

If one of the eigenvalues A of U(T,0) with modulus ry is not semisimple, again by
proposition 2.3(d) it is a non-semisimple eigenvalue of V(¢). Then there are nonzero
functions o, 1o € X; such that (Al — V (¢))po = ¢, (AL — V()9 = 0. It follows that
V(t)¥po = N — k1o, for each k € N. Arguing as in the proof of statement (ii) we see
that (2.3) cannot hold for ¢ = ¢ and w = wo(U). O

Proposition 2.4 establishes a sort of exponential dichotomy with any exponent w €
(wo(U),0) for Ps;. Indeed, the projections
o — Myp, tekR,

map each L?(R™, 1;) into the common one-dimensional subspace X, of the constant func-
tions, and satisfy

(a) MsPS,t = Ps,tMty for s < t;

(b) Ps:: Range M; — Range M; is invertible (in fact, it is the identity in X.);



NONAUTONOMOUS ORNSTEIN-UHLENBECK EQUATIONS 11
(€) 1Pss(I = My)ll g(z2(®n ) p2®n vy < Me? =) s < t.

2.3. Spectral gap of G4 and asymptotic behavior of (737#)720. Since D(Gy) is
compactly embedded in Li((O,T) x R",v), see [GLO7], the spectrum of G4 contains
eigenvalues only. This allows us to do further investigations of the spectrum of G'x.

The next proposition shows that all the generalized eigenfunctions of G4 have a special
structure.

Proposition 2.5. Assume that u € D(GY) satisfies (A — Gy)"u = 0 for some A € C
and some r € N. Then

u(t,z) = Z Ca(t)z?,

la|<K

where K < PEGEU)\) and cq € H#(O,T).

w

Proof. Let us start with »r = 1. Since Gxu = Au, we have PHu = e’y for 7 > 0.
Therefore, by estimates (1.12), for any w > wg(U) there exists C' > 0, such that for any
multi-index «,

A
X" D ull 2 1+ 1) = I DFPFull 2, 14n 1) < Ce“"“‘THUHL;(RHn,y), T>1
Letting 7 — 0o, we obtain
1Dz ul 2, (ri+n ) = O

for Re A > w|a|. This implies that u(t,-) is a polynomial of degree less than or equal to
|Re A|/w for any w € (wy(U),0).

Suppose now that the assertion holds for r = 1,...,7r9 and assume that u € D(G;;f“)
satisfies (A] — G) Ty = 0 for some A € C. Then,

70

By the induction hypothesis, (\] — G4)’u is a polynomial of degree < Re A\/wy(U), so

that D*(A — Gy)/u =0 for 1 < j < rg and |a] > Re A/wo(U). So, we obtain
DePHu=e D%, T>1,

and the assertion for rg + 1 follows as above. O

Proposition 2.5 implies that the eigenfunctions with eigenvalues A such that Re A €
(2wo(U), 0] are first or zero order polynomials with respect to x, with coefficients possi-
bly depending on ¢t. In the next proposition we characterize the eigenvalues that have
eigenfunctions of this type.

Proposition 2.6. Assume that u(t,z) = c(t) + > ¢i(t)x; with ¢, ¢; € H;E((),T) \ {0}
satisfies Guu = Au for some A € C. Then

T T

Conversely, for each X\ satisfying (2.4) there is a function uw # 0 as above such that
Guu = \u.

1 271 271
(2.4) S <T logo(U(T,0)) + mZ) vz
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Proof. Since u satisfies Gyu = Au, we have

(2.5) () = Ac(t) = (f(1),&t)), teR,

(2.6) c(0) = ¢(T)

(2.7) c'(t) = (\— A*(t))ct), teR

(2.8) c(0) = &T)

where ¢ = (c1,...,c,)T. Note that every solution of (2.7) is of the form
(2.9) (t) = eMU*(0,t)é with & e C™.

If & = 0 we have &(t) = 0 for t € R, Hence, the solutions of (2.5) are given by ¢(t) = eMc

with any ¢y € C, and equation (2.6) can be satisfied iff A € 2Z'Z.
If G # 0, &(t) satisfies (2.8) iff & is an eigenvector of V*(0) with eigenvalue e 7, i.e.
iff

(2.10) Ne —logo(U*(0,7) + 7 = Llogo(U(T,0)) +
Moreover, since all the solutions of (2.5) are given by
t
(2.11) c(t) = eMey — /e’\(t_s)<f(s),€(s)) ds with ¢y € C,
0

and eM # 1 for A € —£log o(U*(0,T)) + 25 Z, we can find ¢y € C such that the function
given by (2.11) is a solution to (2.6). O

Corollary 2.7. (i) 0(Gyg)UiR = 2Z; for each k € Z the eigenvalue % is simple
and the eigenspace is spanned by u(t,x) := e2mikt/T

(ii) The strips {A € C: ReX € (wp(U),0)} and {\ € C: Rel € (a,wo(U))} are

contained in p(Gy). Here a = max{2wo(U), ploglul : p € o(U(T,0)), |u| <

6WO(U)T}.

(iii) A € o(Gyg) and Re A = wo(U) iff u == e’ € o(U(T,0)) and |u| = wo(U); for
each k € Z the eigenvalue )\'F% is semisimple iff e’ is a semisimple eigenvalue
of U(T,0).

Proof. All the claims are immediate consequences of Propositions 2.5 and 2.6, except the
statements about semi-simplicity.

Let A\ = 2mik/T, and let ¢ € Ker (M — Gy)?, ie. (A — Gy)o(t,z) = ce?™ /T for
some ¢ € R. By proposition 2.5, ¢ = ¢(t) is independent of z, and Gup(t,z) = ¢'(t), so
that o(t) = e2 /T (x(0) — ct); since ¢ is T-periodic then ¢ = 0. Therefore, the kernel of
(M — G4)? is equal to the kernel of AI — G.

Let now A be an eigenvalue with real part equal to wo(U). By Proposition 2.5, all the
generalized eigenfunctions v are first order polynomials with respect to x.

So, let v(t, z) = c1(t)+(C1(t), ) satisfy (A[—G4)v = u, where u(t, x) = co(t)+(c2(t), x)
is an eigenfunction with eigenvalue A. Note that ¢ # 0. As in the proof of Proposition
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2.6, we obtain

(2.12) At)=Xer(t)— < f(t),c1(t) > —ca(t), teR,
(2.13) c1(0) =1 (T)

(2.14) &'ty = (A= A*t))cL —cx(t), teR

(2.15) c1(0) = &(T)

All the solutions of (2.14) are of the form

t
& () = MU0, )10 — / AT (s, )3(s) ds
0

with some ¢j9 € C". Since u is an eigenfunction, the proof of Proposition 2.6 yields
o(s) = eMU*(0,8)c2,0 Where éap is some eigenvector of e’ U*(0,T) with eigenvalue 1.
Hence,

c1 (t) = eAtU*(O, t)gl,(] — teAtU*(O, t)52’07 t € R,
Therefore, (2.15) is satisfied iff &9 = e’ U*(0,T)¢ 0 — T, that is
(2.16) (1 —eMU*(0,7))e10 = —Téap,

so that €} o belongs to the kernel of (1—e*'U*(0,7))2. If e’ is a semisimple eigenvalue of
U(T,0), then 1 is a semisimple eigenvalue of e’ U*(0, T'), and the only couple (€1,0,C2,0)
that satisfies (2.16) is (0, 0), so that v = v = 0. If e’ is not semisimple, there are nonzero
couples (€10, C2,0) that satisfy (2.16). Using such couples, nonzero solutions ¢ (t), ¢ (t) of
(2.12), ..., (2.15) may be found, and the corresponding functions v(t) = ¢1(t) + (¢1(t), x)
satisfy (A — Gg)?*v =0, (\] — Gy)v # 0. O

Remark 2.8. The spectral projection of G4 corresponding to the eigenvalue 0 is

1 T
u T/o /n u(t, x)dydt.

Indeed, it maps Li (R*", 1) onto the kernel X, of G and it commutes with G. This
implies that for h € Li (R*7 1) the equation

G#u:h

has a solution v € D(Gy) iff the mean value f( h(t,x)dv vanishes, and in this case

0,7) xR™
the solution is unique up to constants.

Remark 2.9. In the autonomous case A(t) = A, f(t) =0, B(t) = B we have a complete
characterization of the spectrum of G,

2 . T
J(G#):{)\E(C: A= km—l—an)\j; ke, njENU{O}}

T ;
7=1

where \j, j = 1,...,r are the eigenvalues of A.
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Indeed, in this case our evolution system of measures consists of a unique measure v
independent of ¢, which is the invariant measure of the Ornstein-Uhlenbeck semigroup
T(t), and G4 may be seen as the closure of the sum of the resolvent-commuting operators

G1:D(Gy) = {u € LL(R™™, v) 1 Juy € L, (R, v)} — L (R, v)},

Giu = uy,

Gy : D(Go) :={u € LL(R"™,v) 1 Fug,, Upe; € L (R, 0)} = L3 (R, 1)},
(GQU’)(ta .'L‘) = 'Cu(t7 )(.T),

hence its spectrum is the sum of the spectra of G; and of Go. The spectrum of Gy is

easily seen to be %Z, while the spectrum of G is equal to the spectrum of the Ornstein-

Uhlenbeck operator £ in L?(R",v), that was characterized in [MPP02] as the set of all
the complex numbers of the type Y ;_; n;A;, where \;, ¢ = 1,...,r are the eigenvalues of
A and n; € NU{0}.

Proposition 2.10. We have
#y _ 12 _ #12
Ker(I —P}) = Ly(0,T) = Ker(I — Pf)7,

so that 1 is a semisimple isolated eigenvalue of 73#. The spectral projection 11 is given
by
Mu(t, z) :== Myu(t, ), teR, zeR"

Proof. [EN00, Corollary 1V.3.8] yields

2 n,,
Ker([ — P#) — Ker(Qm'Z/T — G#)L#((O,T)xR , ).

Since Ker(27ik/T — Gy ) is spanned by the function u + e>™*/T for any k € Z (see the
proof of Proposition 2.6), the first equality follows.

Assume that u € Ker(I — 73#)2, ie.
(I =Pgsr)u(t+1T,-)) (z) = f(t), aa teR

for some f € Li(O,T). By Proposition 2.3, u(t) is independent of z for a.a. t € R.
Therefore, u € Li (0,T) = Ker(Id — Pr). This means that 1 is a semisimple eigenvalue
of 73# .

By Corollary 2.7 and Proposition 2.1, there are no other eigenvalues with modulus
greater than e*0(!)T 5o that 1 is isolated. The projection u — ITu maps Li((o, T)xR™ v)

onto Li (0,7) and it commutes with Pp. Since 1 is a semisimple eigenvalue, it is the
spectral projection. O

Corollary 2.11. The growth bound of (P¥ (I — I)r0) is wo(U). In other words,
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(a) forw > wo(U) there exists M > 0 such that
(2.1

7)
T T
// ((Pf(u — Hu))(t,x))2 v (de) dt < Mezw//((u — TIu)(t, x))v(dz) dt,

0 Rn 0 R»

u € Li(R”H,I/), T > 0;

(b) for w < wo(U) there does not exist any M > 0 such that (2.17) holds.

Moreover, estimate (2.17) holds for w = wo(U) iff all the eigenvalues of U(T,0) with
modulus equal to ro are semisimple.

Proof. Since Iu(t, x) = Myu(t,-), t € R, then the first assertion immediately follows from

Proposition 2.4(i) and from the definition of y2i
By Proposition 2.6, log o(U(T,0))/T C 0p(G4), so that for any p € o(U(T,0)) with

w0 ()T there is a nonzero eigenfunction v of G with eigenvalue A =

modulus equal to e
log pu/T, such that ||7D7#UHL3¢((O,T)><R",V) = ewo(U)T||U‘|Li((0,T)an,u) for each 7 > 0. Hence,
statement (b) holds.

If all the eigenvalues of U(T',0) with modulus equal to ry are semisimple, then estimate
(2.3) holds with w = wo(U) and consequently (2.17) holds with w = wo(U). If some of
such eigenvalues 4 is not semisimple, the eigenvalue A\ = log 1/T" of G4 is not semisimple
by Corollary 2.7, and for every v € Ker (A — G4)? such that Ao — Ggv = u € Ker
G4 \ {0} we have PHv = Ay —7reMu for each 7 > 0, so that for w = wo(U) there does
not exist any M > 0 such that (2.17) holds. O

Formula (2.17) improves the convergence result of [DPL06, Prop. 6.4], obtained by
different methods.

2.4. Spectral gap of G and asymptotic behavior of (P;);>¢. In this section the
functions A, B, f are not necessarily periodic but just bounded. Although our results
are not as precise as in the periodic case, still the Poincaré type inequality of the next
theorem yields information on the asymptotic behavior of (P;)r>o.

We use the notation of §2.3, setting again for each u € L?(R'*™",v)

(Iu)(t,x) = Myu(t,-) = / u(t,z) dry, teR, zeR"™
IT is still an orthogonal projection, that maps L?(R!'*", v) into its subspace of the func-
tions independent of x, isomorphic to L?(R,dt).

Theorem 2.12. For each w € (wo(U),0) let M = M (w) be given by (1.8). Set moreover
C :=supyer || B(t)||. Then for each u € D(G) we have

2 M>C? 2
(2.18) (u(t,x) —u(t))* dv < |Dyu(t, z)|* dv.
R1+n 2(4) R1+n

A similar inequality was proved in [DPL06, Thm. 6.3] in the periodic case for functions
in D(G4), but the proof is the same for functions in D(G); one has just to replace the

core used in [DPL06] by D(Gy) and the integrals over (0, T) x R™ by integrals over R'*".
So, we omit the proof.




16 MATTHIAS GEISSERT, ALESSANDRA LUNARDI

Once estimate (2.18) is available, a convergence result follows in a more or less standard
way.

Corollary 2.13. Let w, M, C be as in Theorem 2.12, and let uo be the constant in (1.4).
For each u € L*(R'" v) we have

(2.19) 1Py (u — ) || 2 gisn ) < €H57/MC |y — Tu|| 2 gien )y, T > 0.

Again, the proof is the same of [DPL06, Prop. 6.4], and it is omitted.
Corollary 2.13 shows that the growth bound of P, (I —II) does not exceed the number
co defined by

w 2
(2.20) co = inf{]\/j(uj;gcz L we (wg(U),O)}.

But ¢y does not seem to be optimal. By estimates (1.12) the asymptotic behavior of
the space derivatives of Pru is the same of the periodic case, and this suggests that the
growth bound of P, (I — II) should be equal to wy(U).

Now we can prove some spectral properties of G.

Proposition 2.14. The following statements hold true.

(i) The spectrum of G is invariant under translations along iR.
(ii) iR C o(G), and \XI — G is one to one for each A € iR. The associated spectral
projection is II.
(iii) o(G)N{A € C: Re A € (¢,0)} = 2.
(iv) If the data A, B, f are T-periodic, then 7 logo(U(T,0)) + iR C o(G).

Proof. For every £ € R let us consider the unitary operator T¢ in L?(RY*" 1) defined by
Teu(t, v) = e u(t, ). Since the spectrum of G is equal to the spectrum of (Ty) 1GT¢ =
G + i&l, statement (i) follows.

Let us split L2(R'*" v) in the direct sum

LA(RY™ v) = (I - T)(LARY™™,v)) @ TI(L*(R'" 1)),

The semigroup P, maps (I — IT)(L*(R'*" v)) into itself (the proof is the same of the
periodic case), and the growth bound of P,(I — II) is less or equal to ¢y, by corollary
2.13. It follows that the spectrum of the part of G in (I — IT)(L?(R'*™ v)) is contained
in the halfplane {A € C: Re A < ¢p}.

The part of G in TI(L?(R'*™, 1)) is just the time derivative, with domain isomorphic
to H'(R,dt). Tts spectrum is iR, and it has no eigenvalues. Statements (ii) and (iii)
follow.

In the periodic case, let u € o(U(T,0)). By Proposition 2.6, A\ := logu/T is an
eigenvalue of Gx. Let u be an eigenfunction. Fix a function # € C°°(R) such that §(¢) = 1
n (—00,0], # =0 in [T, +00), and define 6x(t) = O(t — kT') for t > 0, Ox(t) = O(—t — kT
for t <0.

Then the functions wug(t, z) := u(t, z)0k(t) belong to D(G) and satisfy (A — G)ug(t, )
= 0, (t)u(t, ), so that [|[(A —G)ugl|L2(r1+n ,y is bounded by a constant independent of ,

. kT
while [[ug||2@ien 2 2 [Zpp Jan [ult, 2)[* dv = 2kull 12, ((0,1) xrn ) 8OES to 00 as k — oo.
This shows that AI — G cannot have a bounded inverse, so that A € o(G). g
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Remark 2.15. For h € L>(R'*",v) consider the equation
Gu = h.
It is equivalent to the system

() G —u=(I -1,

(ii) Glu = IIh.

Equation (i) is uniquely solvable with respect to (I — II)u, because 0 is in the resolvent
set of the part of G in (I — IT)(L?(R'*", v)). Equation (ii) is equivalent to

d
L u =111
at :

and it is solvable iff ITh has a primitive ¢ in L?(R, dt), in this case the solution is unique.
So, the range of G consists of the functions h such that IIh has a primitive £ in
L*(R,dt). Therefore, G is not a Fredholm operator.

Remark 2.16. Arguing as in Remark 2.9, we obtain that in the autonomous case A(t) =
A, f(t) =0, B(t) = B, the spectrum of G consists of a sequence of vertical lines, and
precisely

'
o(G) = {)\ €C: Re A= anRe Aj; nj € NU {0}}
j=1
where A\j, j = 1,...,r are the eigenvalues of A. Since in this case wo(U) is equal to
the biggest real part of the eigenvalues of A, then the spectrum of G does not contain
elements with real part in (wo(U),0). So, we have the same spectral gap as in the time
periodic context.

In the previous section we deduced asymptotic behavior results for 777# from asymptotic
behavior of Ps;. Now we reverse the procedure, deducing asymptotic behavior of P;;
from Corollary 2.13.

Theorem 2.17. Let cy be defined by (2.20). For each s <t € R and ¢ € L*(R", 1) we
have

(2.21) 1Ps,t(0 — Myo) | r2(rn vy < €79 lol| 2 1)

Proof. The starting point is the continuity of the function s +— ||l’38,5+7.gp||%2 (R7 g for

each 7 > 0 and for each ¢ € C(R™). Once it is established, we get estimate (2.21) for
¢ € C}(R"), arguing as in the case of evolution semigroups in a fixed Banach space.
Since C (R™) is dense in L?(R™, 1), estimate (2.21) follows for each ¢ € L*(R", ;).

Step 1: continuity of s +— HPS7S+TcpH%2(Rn7VS).
Fix s, sp € R. Changing variables in an obvious way, we write
(222) |1PsstrllTon,) = | PoowsotrPllTegn ) = /R (u(s, 2)* — (s, 2)*)No,1(dx),

Vs

where
u(s, r) = PS,s+T(P<Q(S> _Oo)l/Qx + g(s, —00)).
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Since ||t co < [|©]|oo, then |u(s, 2)? — u(sg, 2)?| < 2[|¢]|loo|u(s, x) — u(sg, z)|. We estimate

|u(s, x) — u(sg, z)| changing again variables, as follows:

|u(s, ) — u(so, )| <

[ 6@ 7902+ Uls )@, =002 + (5, =00)) + gls + 7.5)
—o(Q(s0 + 7,50) 2y 4+ Ul(so + 7, 50) (Q(s0, —00) /22 + g(s0, —00)) + g(s0 + T, so))‘

No,1(dy)

2n/2
<Al 20+ 7,0 - Qoo 47,50l

|U (s +7,5)Q(s, —00) /2 — U(sg + 7, 50)Q(s0 + 7, 50) /|| ||+
965+ 725) = g(o0 + 730

Using this estimate, we see that the integral in (2.22) goes to 0 as s — sp by dominated
convergence.

Step 2: conclusion.
Fix t € R and £ € C°(R) such that £(t) = 1. Set
u(s,z) :=£&(s)p(x), seR, zeR"
Then u € LR v). We recall that

(Pr(u—Iw))(s, ) = Psssru(s+7,)(2) = Msiru(s+7,-) = £(s+7)(Pssprp(2) — Motr ),

so that

O A M RO so(m)usH(dx))Q).

n

Therefore, for each 7 > 0 the function s — ||P-(u—Tu)(s, )2, (Rn 1) 18 continuous. This
is true also at 7 = 0, since

1(u = Tu)(s, )7 2(n ) = I1E(S) (0 — Mop) | T2(rn s,

“ieor ([ ewrnian ([ ctamiann)).
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Hence, we have

1Ps (I = M)l 2 gn ) = 1Po—s(u = Tw) (5, )| T2 gm0
s+e

— lim * / [ Pes = Tu) (1, )2,y

= lim HX[S s+s]Pt s( _HU)H%P(]R’H'lW)

. 1
= lim =[P (X ( — 1) |72 gn1,,)

e—
1
2co(t—s) 1 2
<e co(t—s) EE%L g”X[t,t—i—a] (u — HU)HLQ(Rn+17y)
) (t ) 1 t+e
_ co(t—s 3 —
—e 6lir(r;+ : &(n ) l(e n@)“]ﬂ R™,vp)

— 2eolt=9)]|| _ M| 22(mn 1)
and (2.21) follows. O

3. HYPERCONTRACTIVITY

In this section the data A, B, f are bounded but not necessarily periodic.

Since P, acts as a translation semigroup in the time variable, it cannot improve v-
summability. Thus, it seems hard to get hypercontractivity estimates for Ps; from prop-
erties of P;. In fact, we follow the ideas of [Gro75|, adapting his procedure to the
time depending case: fixed any £ € R and ¢ > 1, we look for a differentiable function
p: (—00,t] — [g,+00) such that p(t) = ¢ and

0
9s 1 Pstll o) (gen ) = 0, s <t

for all good (e.g., exponential) functions . If such a p exists, we get HPS’tapHLp(S)(RmW) <
¢l La(rn 1, for all exponential functions, and hence, by density, for all p € LY(R", ;).

In the time independent case, hypercontractivity of a semigroup is equivalent to the
occurrence of a logarithmic Sobolev inequality for its invariant measure ([Gro75]). Since
our measures v; are Gaussian, they satisfy logarithmic Sobolev inequalities, which are
the starting point of the procedure. As in the autonomous case, what we need are log-
Sobolev inequalities expressed in terms of the quadratic forms associated to the operators
L(t). Dealing with the nonautonomous case, an additional term appears in the quadratic
form, i.e. we have

(3.1)
/gpL( Yo (dz) = —/|B Vg0| vi(dx) — ;/ 28tp(93 t)ydz, @€ H2(R”,Vt),
Rn Rn

as a consequence of [GL07, Lemma 2.4], and this produces an additional term in the
log-Sobolev inequalities. More precisely, the following lemma holds.
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Lemma 3.1. Forp € (1,00), t € R and p € W*P(R", 1), we have

/Iso )P log(lp(@))vi(dz) < [lol7pmn b,y log(llel Lo@n i)
Rn

1
elp, ) <Re (~L(or ) r2wnan) + / () Prp dx).
R’I’L

Here, o, = |¢|P72p and
(3.3) lp,t) = ~ T Q1 —00) B W)

Proof. The starting point is the logarithmic Sobolev inequality

/ () log (J(@) i (de) < |QY2(¢, ~00) Ve 2z oy + 101132 ) 108 01l 23 )
R

valid for any t € R and v € H'(R",1;), that follows from the well known logarithmic
Sobolev inequality for the Gaussian measure N (0,1) (e.g., [Gro75, formula (1.2)]) via
the standard change of variables already used in the proof of Theorem 2.17. Since B*(t)
is invertible, we get

(3.4)
/ () Plog(d(@)e(de) < [QV2(t, —o0)B*1(2)]2 / 1B (1) V() [P (da)
R" Rn

HYl 2@ 1) 108 19| L2 1) -

The statement will be obtained applying (3.4) to the functions ¢, := (|¢|2+¢)%, and then
letting e — 0F. To this aim, we have to estimate the integrals [p, |B*(t)Vi:|*v¢(dx).
Here and in the following, we suppress the dependency of ¢ and @, on z. An easy
calculation shows that

(3.5) djpe = (|w\2+€) ~10)]pf?

36) (B¢ = Lol + 25 (B 0)7])’
b /p D_
(37) Oiype =1 (B = 1) (6P + )5 20l -yl + L (Il + ) ¥ 10l

It follows from (3.7) and from the identity L(t)(¢®) = 2Rep L(t)p + |B(t)*V|? that

L)e. =% (2 =1) (ol + )52 (B 0)VIpl)* + 2 (1ol + ) T2 L) |ol?
(1 —1) (I + )52 (B*OVIeP)” + ERe (o2 +2) 2L (1)

_b
8
D
8
+ B0l + 9 F 1B Vol
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Since [¢o]?|B*(t)Vep|?

v

(B*(t)V]p|?)?, we obtain

1
4
p(p D_ % 2 p P_1_
Lty =5 (4 =1) (0P +2)F2 (B OVIeP)” + ERe (o2 + )5 BL ()
p D_ * p b_ *
+ 26l + ) 201 B() Vel + L (el + &) 2l Bty Vil
2 _
2]0721’(‘
32

Finally, (3.6) yields

P_o s 2 p P_q_
el> + )12 (B*(t)V]o]?) + 5 Re (lpl? + &) i 1BL(t) -

2 . p p_q_
Lit)pe 2 P20 (B (Ve + B Re (1ol + 9 1oLt
Applying the identity (3.1) to ¢ we obtain

-2
[ 1B VePutan) < [ ot do- 22 (51070
Rn R7 R»

~pRe / (ol + £)5 1 BL(t)p m(da).
J

This implies

/ B (6)Vige P (d)
J

2

< —ﬁ <Re R[(wQ +e) 1B L) vi(de) — ;R[ 2 Op(,t) dw)-

Replacing this estimate in (3.4) and letting ¢ tend to 0, the lemma follows. O

Next, we prove a variant of [Gro75, Lemma 1.1]. Again, we have to deal with an
additional term.

Lemma 3.2. Lett € R, a € (0,+00] and I = (t — a,t]. Assume that p € C(I) with
p(s) > 1 for s € I, u(-,z) € C*(I) for all z € R™ and u(s,-) Z 0 for s € I. Moreover,
assume that there are C, k > 0 such that

max {|u(s, z)|,|0su(s,z)|) < Clz|¥, sel, zecR.

Then the function o : I — R defined by a(s) = [[u(s,")|| 1ot (rn ) @5 differentiable in I
and

o (s) —a(s)lp(s){Re (Osu(8, ), Up(s) (8, ) L2(Rn 0y) T (1) / lu(s, z) [P, p da
K p S
R

# 2 tutos ) og(futs, ) wa(de) = (s og(als)) .

p
R



22 MATTHIAS GEISSERT, ALESSANDRA LUNARDI

Proof. We calculate

2 (ints, )P p(s,2))

= (9 on(lu(s, 00Dl )P+ p(5) 5 o), )P ) ) s )

0
+u(s, w)l”(s)gp(s,fv), s€l
By assumption, there exists h € L'(R") such that
0
o {u(s, )P p(s.0), 3 (1, )P Op(on)) b <o), s e T, a e

Hence, the assertion follows from Lebesgue’s dominated convergence theorem and the
chain rule. O

Now we are able to prove the hypercontractivity of (Ps;)s<¢.

Theorem 3.3. Let g € (1,00), t € R and let p(s,t) be the solution of

I PR ) B

) S —
c(p, s)

Then for s <t, Psy maps LI(R™, 1) into LPED(R™, vy) and
H—Ps7t§0”Lp(5,t)(Rn7,/s) < ”SOHLQ(]R",Vt)a p e Lq(an Vt)'

Proof. Fix t € R and let ¢ € span {"F?) . k € R"}. Set p(s) = p(s,t), u(s,) = Py
and a(s) = || Ps¢0l| poes) mn - Since

Ps t@k(ﬁ) — ei<g(t75)+U(tvs)sz>_%<Q(tvs)k’k>’

for pp(z) = %7 then the functions o and p satisfy the assumptions of Lemma 3.2.
Using Lemma 3.2, we get

O/(S) _ a(s)l—P(s){Re <—L(S)U($, ')7up(s)( )>L2 R™,vs) -I— /|u S, T ’p Sp(s 33)

ﬁ?(/mwwmﬁmmwamw@w—m<>wimnsmmmwwmwmwy)}
R’VL

The choice p/(s) = —Cz(fz) and inequality (3.2) thus yield da(s)

1Ps e Pll Lo (g gy = () < (t) = (@]l Lagn ), s <t

> 0, which implies

Since span {e/¥?) : k € R"} is dense in LI(R",1;), the proof is complete. O
Remark 3.4. The solution p(s,t) of
p(s
p(s) =~ (5) ,s<t p(t)=g¢q
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is given by
t
pls,t) =1+ (¢ — 1) exp ( JACEEESERIG dr) L s<t.

Since [|QY/2(r, —o0)B*~1(r)|]? < [T IB*(0)U*(o,7)B*(r)||*do, then for each w €
(wo,0) we have
C?(M(w))?

1 o
1Q2 (r, —00) B* ! (r)||” < 5
25wl

with C' = sup,cg || B()||. Hence,
p(s,t) > 1+ (g — 1)@ s <,
where ¢p is the constant defined in (2.20).
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