ELLIPTIC OPERATORS WITH UNBOUNDED DIFFUSION
COEFFICIENTS IN L? SPACES
WITH RESPECT TO INVARIANT MEASURES

LUCA LORENZI AND ALESSANDRA LUNARDI

ABSTRACT. We study the self-adjoint and dissipative realization A of a second order
elliptic differential operator A with unbounded regular coefficients in L*(R™, ), where
u(dx) = p(x)dx is the associated invariant measure. We prove a maximal regularity
result under suitable assumptions, that generalize the well known conditions in the case
of constant diffusion part.

1. INTRODUCTION

In this paper we deal with an elliptic operator A in RV defined by

N N
Ap(z) = Y aij(@) Dijp(x) + Y bj(@) Djp(x) = Tr(Q(x) D?p(x)) + (B(x), Dp(x)),
ij=1 j=1
with regular (continuously differentiable, with locally Holder continuous derivatives) and

possibly unbounded coefficients ¢;;, b; (i,j =1,...,N).

It is well known that, if the coefficients of an elliptic operator are unbounded, its real-
izations in the Lebesgue spaces LP(RY, dz) do not enjoy good properties, unless we make
very strong assumptions. So, here we consider a weighted Lebesgue measure

u(de) = p(x)da,

such that a realization A of A in L?(x) := L?(R™, ) is self-adjoint. It is not hard to see
that, given any differentiable weight p(z) > 0, we have

/uAvdu:/ v Audp,
RN RN

for all u, v € C§° (R™) (the space of smooth functions with compact support in RY) if and
only if

Q~'(B —divQ) = D(log p),

where div () is the vector with entries {; = Zf\il D;q;;. Therefore, our first assumption is
the existence of a function ® such that

D® = Q }(divQ — B),

—®(z)

and we set p(z) = e , 1.e.

p(dz) = e @ dg.
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Note that ® is uniquely determined, up to a constant. Now, several properties follow. First,
taking v = 1, we get

Audp =0, ueCPRY),
RN

that is, p is infinitesimally invariant for A, at least on C§°(RY). Moreover,
Avvdp = —/ (QDu, Dv)dp,  u, v € C°(RY),
RN RN

so that A is associated to a nice quadratic form in the gradient. Taking in particular
v = u, we see that A is dissipative on C{°(RY). In view of the above identity, it is
natural to introduce the space Hclg(,u), consisting of the functions u € L?(u) such that

QY2Du| € L?(y). Similarly, we denote by H2 1) the subspace of H}(p) consisting of the
H Q Q

functions u such that |Q/2D?u Q2| € L?(i). Here, first and second order derivatives are
understood in the weak sense, and we use the symbol | - | for the euclidean norms both of
vectors and matrices.

The main result of this paper is that the realization A of A with domain

D(A) = {u € HHR") : (B-,Du) € L*(p)}

is self-adjoint and dissipative in L?(yu), provided suitable growth and structural conditions
on the coefficients hold. Moreover, the domain D(A) is continuously embedded in Hé(,u,)

and it coincides with the maximal domain {u € L*(u) N HZ (RY,dz) : Au € L?(p)}. This
can be seen as an optimal regularity result for the equation

A — Au = f,

with A > 0 and f € L?(u1). Indeed, existence and uniqueness of a weak solution u € H, é)(:“)
can be obtained by the Lax-Milgram lemma. What is not obvious is that u belongs to
Hp().-

Our growth condition is only on the coefficients ¢;;: we assume that there exists C' > 0
such that

Q)| < C(1+ |zf?), z € RY.

The structural condition is a generalization of the well known dissipativity assumption on
B in the case of constant diffusion coefficients (e.g., [2, 3, 4, 6]). More precisely, we assume
that there exist two constants k1 > 0 and ko € (0, 1) such that

(Q(x)€, D(Tr(Q(2)S))) — Tr((D(Q(2)€)Q()S) + (Q(x)(DB(x))*€, &)
< k1|QY2(2)€? + k2| QY2 (2)SQYV2 () 2,

for any symmetric matrix S and any z, ¢ € RY. Examples such that these conditions are
satisfied are given in Section 2.

Most of the papers about elliptic operators in LP spaces with respect to invariant measures
are devoted to show that such operators possess m-dissipative realizations, that generate
contraction semigroups. The characterization of the domains of such realizations is a more
difficult problem. It has been considered in [7, 10] in the case of constant diffusion coef-
ficients. See also [8, 9] where R¥ is replaced by an unbounded open set 2 with suitable
boundary conditions.



ELLIPTIC OPERATORS WITH UNBOUNDED DIFFUSION COEFFICIENTS 3

2. ASSUMPTIONS AND FUNCTION SPACES

Our assumptions have been already mentioned in the introduction, for the reader’s con-
venience we list them again.

Hypotheses 2.1. (i) the functions ¢;; and b; (i,j = 1,...,N) are continuously dif-
ferentiable, with locally Hélder continuous derivatives; for each x € RN there is
v(z) > 0 such that

N
Y gy@)6s > v@)leP, a6 e RY; (2.1)

ij=1

(i) there exists a positive constant C' such that

Q)] < C(1+ |z*), z € RY; (2.2)
(iii) there exists a function ® : RN — R such that
Q7 '(divQ — B) = D&, (2.3)

where (div@Q); 1= Zfil Diqij (j=1,...,N);
(iv) there exist two positive constants ki > 0 and ko € (0,1) such that

(Q(DB)*¢,€) + (Q€, D(Tx(QS))) = Tr((D(Q€))QS) < k|Q'*EP + k2|QV2SQM??, (2.4)
for any symmetric matriz S and any & € RN,

Note that we do not assume that A is uniformly elliptic in the whole RY, i.e. we allow
that the infimum of the ellipticity constant v is zero.
We introduce the measure

p(dz) = e *@dyg

and we denote by Hé(u) the space of functions u € L?(y) such that |Q'/2Du| € L?(p). Tt
is a Hilbert space with the scalar product

(u, v)Hé(#) = /RN u(z)v(x)dp + /RN<Q($)D’U,(£L‘),DU(£L’)>dM, u, v E Hé(u)

Similarly, we denote by Hgg(u) the subspace of H, Clg(p) consisting of the functions u such
that |Q'/2D%u Q2| € L?(u). We endow it with the norm

lullig o = Nl o+ 11Q D% Q2 2, € H3 ().

Since ¢;j, b; (i,7 = 1,...,N) are continuous, the function e~® has positive minimum on
each compact set, and the matrices Q(x) are uniformly positive definite on each compact
set. Therefore, the spaces L2(p), H(}?(u), H % (p) are locally equivalent to the usual L?, H!,

H? spaces with respect to the Lebesgue measure.
Let us illustrate Hypothesis 2.1 by means of some examples.

Examples 2.2. (a) If @) = I, condition (2.3) means that B = —D®, whereas condition
(2.4) means that the symmetric matrix DB = —D?® is upperly bounded, and more pre-
cisely the function = — ®(z) + k1|x|?/2 is convex. So, we recover the convexity hypotheses
of [2, 7]. In the case B =0, u is just a multiple of the Lebesgue measure.
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(b) If N =1, condition (2.3) is obviously satisfied and

pu(dz) = TZ) exp (/Ox 28 ds> de,

c being an arbitrary positive constant.
Condition (2.4) is simply reduced to sup g V'(z) < 400.

(c) Let Q(z) = v(z)I. Then,
Q '(divQ — B) = Dlog(v(z)) — v(z) ' B(x), r eRY,

Condition (2.3) is satisfied provided that B = vDF, for some function F' : RY — R. In
this case we have

p(dx) =
for some ¢ € Ry. Moreover, (2.4) reads
(DB(2)&,€) + (Du(x), (Te(S)] = 8)&) < ki [éf” + kav(@)[S, x, € € RY.
Therefore, (2.2) and (2.4) are satisfied if
v(#) < C(L+[af*),  |Du(2)] < Cv(@)'?, (DBEE) <CP, o, €RY,

for some positive constant C'.

V(Cx) exp(F(x))de,

(d) Suppose that

Q(z,y) = <f(0$) 0)>, B(z,y) = Q(x,y) DV (z,y) = (

f(@)Va(z,y)
9y ’

9(y)Vy(z,y)

for any (z,y) € R? and some smooth functions f,g: R — R and V : R? — R, with f and ¢
positive and such that f(z) + g(z) < C(1 + 2?) for any = € R and some positive constant
C'. Then, the condition (2.3) is satisfied with ®(z,y) = —V(x,y) + log(f(z)g(y)) for any
(z,y) € R2. Therefore, the invariant measures are
(4. dy) eV (@y) dnd
p(dz, dy) = c————dady,
f(x)g(y)

¢ being an arbitrary positive constant. Moreover, the condition (2.4) reduces to

(Q(z,y)(DB(2,))*¢, €) < k1|Q"2(x, )¢, (z,y), € € R?,
for some k1 > 0, that is
(Q(z,y)D*V(2,1)Q(z, )&, €) + [ (2)Valz, v)EF + ¢’ (¥)Vy (2, 1)€3 < k1|QY(z,y)E[?, (2.5)

for any (z,y), ¢ € R2  Condition (2.5) is satisfied, for instance, in the case when
D2V (z,y) <0 for |(z,y)| large and

F(@)Va(z,y) < ko f(), g WVy(z,y) < kigly), (a,y) € R%
This is the case if we take
1422 0 21‘—(1—{—x2)Ux(x,y) 9
Q(xay) = < > y B(:Bay) = ( ) ($,y) €R y (26)
0 1 _Uy(xa y)
and U is a smooth convex function such that
inf 7£Ux(x,y) > —00.

(wy)er? 14 22
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The invariant measures are

p(dz, dy) = ce”Ydady, (2.7)
¢ being an arbitrary positive constant.
If we take
14 22 0 22 — (1 4+ 22)Uy,(z,y)
L4y (T+y2)? 1492

for some convex function U, then the condition (2.5) is satisfied if

Uz(, Uy(x,
1 2Us (@ 2y) > —o00, sup YUy (@ 2y) < 400,
(zy)er? 1+w (z,y)ER? 1+y

and the invariant measures are still given by (2.7).
Note that in (2.8) the diffusion matrix @ degenerates at +oc.

3. THE SELF-ADJOINT REALIZATION OF A IN L?(p)

We begin this section by proving two lemmas which will play a fundamental role in what
follows.

Lemma 3.1. Suppose that Hypotheses 2.1(i)—(iii) are satisfied. Then C§°(RY) is dense in
Hé(u) and in Hé(,u)

Proof. Let us prove that C§°(RY) is dense in H%(,u) The same arguments show that
C&°(RY) is dense also in Hé(u)

We first assume that u € Hé (1) has compact support. Then, u € H?(RY, dz) and there
exists a sequence {uy,}nen € CO(RY) compactly supported in supp(u) + B(0,1), which
converges to u in H2(RY, dx). It follows that {u, }nen converges to u also in H%(,u)

Now we show that any function u € Hgg(ﬂ) can be approximated in the Hgg(u)—norm by
a sequence of compactly supported functions u,, € H, C3(#) Let ¥ € C§°(RY) be any smooth

function with support contained in B(0, 1) and such that 0 <9 <1 and ¥ =1 in B(0,1/2).
Then, we set

un(z) = u(z)0 (f) ., zeRY, neN (3.1)

Each u, belongs to H%(M), its support is contained in B(0,n) and u, = 1 in B(0,n/2).
Moreover,

Diup(z) =9 (%) D;u(z) + %u(m)(pm) (f)

n

and

Dijun(z) = ¥ (%) Diju(z) + %Dju(x)(Dﬂg) (f)

n

£ D) (D) (2) + Syue) (Do) (£)),
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for any x € RV, any n € N and any 4,j = 1,..., N. Therefore,

||lwn — u||§%(u) < /]RN |u(g;)|2|1 — ﬁ(x/n)\zdu + /RN |Q1/2(x)Du(x)|2]1 — ﬁ(az/n)|2du
+ [ Q@D ()@ )P — i) Pl

+oz [ 1QVA@) DI/ fu(e) P

2
TZZ RN
1

n4 RN

+25 [ 1RV (@) Duw) 1@ (@) Do /) Py

+ Q' (2)D?*9(x/n)Q"? (x)*|u(z) Pdp. (3.2)

The first three terms in the right hand side of (3.2) converge to 0 as n tends to +o0o by
dominated convergence. Taking (2.2) into account, we get

QY@
and
1 1
= / QY2 (2) DO /n) ) Pl = — QY2 (2) Do /) Plu() P
RN n= Je<la|<n
62 2 2 2
< <o 2, / (1 + |22 [ua) Pdy
n 2<|z|<n
~5 1+ n?
< 1) D2, / () [2dp,
n |z|>2

which goes to 0 as n tends to +o00. Similarly,
2
n2 RN
514+ n?
n2

1Q"2() Du(@)[*|Q*(x) DY(x/n) Pdp

< 2C

ND9I1E, [ 1Y) Duta)
e

and
- 10V D0 ) Q@) Pu(a) P

~, (1 +n?)?
< 0477# D3] |13 Ju(x)Pdp,
|z[>%

and the right hand sides go to 0 as n tends to +oc0. [
The starting point of our estimates is the following lemma.

Lemma 3.2. Under Hypotheses 2.1, for any u € H2 (RY,dx) and v € H. (RN, dx), such

loc
that u or v has compact support, we have

Auvdy = —/ (QDu, Dv)dp. (3.4)
RN RN
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Proof. Integrating by parts we get

N N
/ Z ¢ijDijuvdp = —/ Z Di(qijve_q))Djudx
RN RN

i,j=1 b,j=1
N
= —/ (QDu, Dv) d,u—/ Z D;qijvDjudp
R RY i j=1
+/ (QD®, Du)v dp.
RN

Hence,

N
Auvdp = —/ (QDu, Dv) d,u—/ Z D;qijvDjudp
RN RN RN l',]'=1

N
+/ <QD<I>,Du)vdu+/ > biDjuvdp. (3.5)
RN RN T

By assumption (2.3), the last three terms in the right hand side of (3.5) vanish, and formula
(3.4) follows. O

The main result of the paper is the next theorem.

Theorem 3.3. Under the Hypotheses 2.1, the realization A of the operator A in L?(u) with
domain

D(4) = {u e H(u) : (B-,Du) € L*()},

is a dissipative self-adjoint operator in L*(u). For each u € D(A) and X\ > 0, setting
A — Au = f, we have

1
(@) Nullzzqey = S 1Fllz2 ),

1
2
(®) 111Q"*Dul || 2 < \ﬁllme(u),

(©) 1QY2D*u Q2|2 < COVN N2
with C'(X) > 0 independent of w.

Proof. As a first step, we remark that since C§°(RY) is dense in Hclg(,u) by Lemma 3.1,
then formula (3.4) holds for any u, v € D(A). It implies immediately that A is symmetric.
It also implies that A is dissipative: indeed, if u € D(A) and A > 0, then

/ (/\u—Au)udu:)\/ u2d,u—/ Auudu:/\/ u2du+/ (QDu, Du) dp.
RN RN RN RN RN

Therefore,
3 [tk [ 102Dl < [ Aullag a2,
RN RN
which yields
3 [ el < 1= Al oy = 120 el 20,

so that A is dissipative.
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The main part of the proof consists in showing that, for any A > 0 and any f € L?(u),
the equation

Au— Au = f, (3.6)

has a (unique) solution in D(A). This will imply that the resolvent of A is not empty, so
that A is self-adjoint.
Let us assume that f € C$°(RY). We solve the equation

)\/IRNuvdqu/I&N(QDu,Dv) dp = /Rvadu, v E Hé(,u), (3.7)

using Lax-Milgram theorem, that gives a unique solution u € Hé(,u) Then, u is a distri-

butional solution of Au — Au = f and, by elliptic regularity, u belongs to C3(R¥) and it
satisfies Au — Au = f pointwise. Moreover, choosing v = u in (3.7) gives

. .. 1
0 Moy < 1Pl i) [ 1QY2Duldi < 1ol < 3161

(3.8)
To prove that u belongs to D(A), we still have to show that u € H%(,u) To this aim we
differentiate (3.6) with respect to any variable xj, obtaining

N N
ADyu — ADpu— Y DpgijDigu — > DybjDju = Dy f. (3.9)
i,j=1 j=1

Next, we fix ng € N such that the support of f is contained in the ball centered at 0 with
radius ng/2. For any n > ng we multiply both sides of (3.9) by 92 Z;CVZI griDiu, where

On(x) =9(z/n), RN, neN,

and 9 is as in the proof of Lemma 3.1. Then, we sum with respect to h and integrate in
RY obtaining

N
)‘/ ﬂ%Ql/QDUFdM—/ A Z qnkDyu A(Dpu)dp
RN RV k=1

N N
—/ 19% Z qthhqijDkuDijudu—/ 19% Z gk DiuDpb; Dijudp
RN k=1 RN k=1

N
= [ %> awDufDuudy
RN =1

= [ @pu.Dfdy
RN

= — Au fdpu, (3.10)
RN

where we have used formula (3.4) in the last equality. In the left hand side of (3.10) we
still have third order derivatives of u, that we eliminate using again formula (3.4) in each
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integral [l 92 qni Dy A(Dpu)dp, obtaining

N
/ 19% Z qthkuA(Dhu) du
RN =1

N
== [ (@D@EauDi). DDy

hk—=1
N
= —/ 02 Z qz‘jDz‘QthkuDjhUdu—/ 921QY?D*uQ"?*dp
RN ihk=1 RN
N
_Q/RN Un Z QijDiﬁthkau‘DjhUdua (311)
i k=1

where the last equality follows from the formula
Tr(QD*uQD?u) = Tr(Q'2D*uQ'?Q'2D*uQ/?) = |Q'/? D*uQ"/?|?. (3.12)
Combining (3.10) and (3.11) we get

3 [ BIQEDuRd [ 021020
RN RN

N

- _ / Aufdp + / 97 > (Q@Du)pDygij Diju dps
RN RN =1
N
—/ 92 Z Digni Dru(QD*u)indp
RN
i,h,k=1
N
+/ V2 Z (QDu)hDhbijudu—2/ Iy, Z i3 DiVn qui DiuDjpu dp. (3.13)
RY ST RN k=1

Using Holder inequality and estimate (3.8)(i), we get

/RN Aufdp < [ Aull g2 | Fll 2 ) = M = Fll 2zl Flz2 e < 201F 117 2,)- (3.14)

The second, the third, and the fourth integral in the right hand side of (3.13) are estimated
using Hypothesis 2.1(iv). Indeed, assumption (2.4), with ¢ = Du and S = D?u, implies
that

N N N
/N 19% ( (QDu)hDhqijDiju — Z Diqthku(QDzu)ih + Z (QDu)hDhbiju) du
R i h=1 ihk=1 jh=1

<k / 92|1QY2Dul*du + ks / 921QY2 D*uQ?|dp.
RN RN
(3.15)
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In the last integral we have
N

Z qi; DV qui DipuDjpu
ij,h k=1

\(DQu(x) Q(z) DYy (z), Q(x)Du(x))]

Q" (2) D9 (2)]|Q"? (x) D*u(w) Q2 (2)||Q" () Du(x)],
for any « € RY. Note that

IN

| (140?72
sup [Q*(2) Dy ()| = ~ sup |Q"*(x)Di(w/n)| < 0(7)\\ [ DY [|oo,
z€RN N 2<jz|<n n
where C is given by (3.3), so that for every n € N
sup |Q"*(2) Din(2)| < V20| | DV || := Ch. (3.16)
TERN
Therefore, for any & > 0,
N
/ On Y iy Dithy que DiuDjnu du‘
RN ..
i,5,h,k=1
02
< 5/ 92|1QYV2D%u Q2|2 + 1/ QY2 Dul?dy. (3.17)
RN 4e RN

Hence, from (3.13)—(3.17) we get
(1 — Ky — 28) /RN 19721|Q1/2D2UQ1/2’2d,U,

02
21/ ]Q1/2Du|2d,u+(k:1—>\)/ 92 |QY2 Dul?dy,
g JRN RN

and, taking (3.8)(ii) into account,

(1— kg — 2€) /N 19%|Q1/2D2uQ1/2]2du
R

C?  max{0,k; — A} 9
< (2 o+ = 11,

< 2| flI72( +

Choosing € = (1 — k2)/4 we get
- 9 2D 224, < (2 1 ) 9
so that, letting n go to +o0o, we see that u € Hé(u), and

Q2 D*u QY| |l 12(u) < COIIF Il 22 (- (3.18)

Once we have solved (3.6) for f € C§°(RYN) we solve it for any f € L?(u) by standard
arguments. Fix f € L?(u) and let {fn}nen C CSP(RY) be a sequence converging to f
in L?(uu). For any n € N, let u, € D(A) be the solution of (3.6) with f,, instead of f.
From estimates (3.8) and (3.18) with (u, f) replaced by (uy, — U, fn — fm), it follows that
{un }nen is a Cauchy sequence in Hé(,u) Hence, u,, converges in H, é(u) to some function
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u € Hgg(,u) Then, u € D(A), it satisfies estimates (3.8) and (3.18), and A\u — Au = f.
Therefore A € p(A) and all the statements are proved. [J

The next corollary shows that the domain of A is in fact the maximal domain of A in
L ().

Corollary 3.4. Under Hypotheses 2.1, we have
D(A) = {u € L2(u) N HE(RY, da) : Au € L3(u)}.

2 (RN, dx),
such that Au € L?(u), and A > 0. Moreover, set Au — Au = f. Then, the difference
v:=u— R(\ A)f satisfies \v — Av = 0. We shall show that v = 0, provided A is large
enough.

Let ¢, be the cutoff functions used in the proof of Lemma 3.1 and Theorem 3.3. Inte-
grating the identity (A\v — Av)vd2 = 0 on RY we get, through formula (3.4),

Proof. The inclusion “C” is obvious, we have to prove “O”. Fix u € L?(u) N H?

0=A\ / V292 dp + / QY2 Dv|?9%dp + 2 / v(QY2 D, QY2 D9,)0,dp.
RN RN RN

Recalling (3.16), the modulus of the last integral [y v(QY2Dv, Q"2 D¥,,)9,dp does not
exceed

& [ iR pe vy dn < St [ s G [ Q12D
RN 25 RN 2 RN

for each € > 0. Choosing ¢ = 1/C we get

1
0> )\/ V202 dp + 2/ QY2 Dv*92 dy — c%/ v2dp,
RN RN RN
so that, letting n go to +oo,

0> ()\—012)/ vidu,
RN

which implies v = 0 if A is large enough. [

Theorem 3.3 has some immediate consequences.

Corollary 3.5. Let the Hypotheses 2.1 hold. Then:

(i) A generates a strongly continuous analytic semigroup of contractions in L*(p);
(ii) in the case when u(RY) < +oo, the constant functions belong to D(A). Then,
taking v =1 in (3.4) implies that

/ Afdu=0, feD(A).
RN

It follows that p is an invariant measure for {T(t)}, that is

[ rofdn= [ fdu fer).
]RN ]RN
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4. CONSEQUENCES AND FURTHER PROPERTIES OF A

In this section we prove further properties of the semigroup {7'(¢)} and its generator A.
In the next proposition we list some straightforward consequences of the results in Section
3.

Proposition 4.1. The following properties hold.
(i) the domain of (—A)1/? is H&Q(RN). Therefore, the restriction of {T(t)} to Hé(RN)
s an analytic semigroup;
(ii) {T(t)} is a positivity preserving semigroup in L*(u), i.e. T(t)f >0 if f >0 a.e.
Moreover,

1T°() flloo < [1f oo f € L?(u) N L™ (); (4.1)

(iii) {T(t)} is a symmetric Markov semigroup that preserves L'(u) N L>(pu) and may
be extended from L'(u) N L% (pn) to a contraction semigroup {T,(t)} on LP(u) for
all p € [1,400], in such a way that T,(t)f = Ty(t)f if f € LP(u) N LI(p), and
Th(t) =T(t). Finally, {Ty(t)} is analytic for any p € (1,400).

Proof. (i). D(—A'?) is the closure of D(A) with respect to the norm induced by the inner
product

(u,v) ::/ uvdp — Auwvdp.
RN RN

According to formula (3.4), it coincides with the inner product of Hé(u) Since C$°(RY) is
contained in D(A) and dense in Hé(u), then D(A) is dense in Hé(u) Therefore, Hé(u) =
D((—=A)"/?).

(ii). We use the Beurling-Deny criteria (see e.g. [5, Theorems 1.3.2, 1.3.3]). To prove
that T'(t) preserves positivity, it is sufficient to check that if u € D((—A)/?) then

[ul € D((—4)"/?), 1= ulll 2y < 1(=A)"?ull 2- (4.2)

Since the domain of (—A)/2 is contained in HL._(RY,dz) by (i), then the gradient of |u] is
equal to D(|u|) = sign(u) Du for each u € D((—A)'/?). This implies that |u| € D((—A)Y?)
and estimate (4.2) follows.

To prove (4.1), it is sufficient to check that, for any nonnegative u € D((—A)'/?), the
function u A 1 is in D((—A)'/?) and

I=A)"2 (A Dl 2y < 1(=A)ul| 2. (4.3)

Again, since (—A)'/? is contained in H} (RY, dz), then the gradient of u A 1 is equal to
X{u<1} Du for each u € D((—A)Y?). Therefore, u A1 € D((—A)Y/?) and estimate (4.3) is
satisfied.

(iii). Statement (ii) implies that {T(¢)} is a symmetric Markov semigroup, that preserves
LY(p) N L (p). Then (iii) follows from e.g. [5, Thms. 1.4.1, 1.4.2]. OJ

Another consequence of the integration by parts formula (3.4) is the following Liouville
type theorem.
Proposition 4.2. Suppose that u € D(A) is such that Au=0. Then:

(i) w is constant, if u(RN) < +oo;
(ii) u is zero, if p(RN) = 4o0.
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Proof. If u € Ker (A) then Du vanishes almost everywhere by (3.4). Therefore, u is constant
and the statement follows. [J

Note that even if (R") = 400 then 0 may belong to the spectrum of A, as in the case
of the Laplacian with the Lebesgue measure. However, if D(A) is compactly embedded in
L%(u), then 0 is in the resolvent of A if u(RY) = +o00, and it is a simple isolated eigenvalue
if u(RY) < +oo0.

The compactness of the embedding D(A) C L?(u) is a nontrivial question. As the
following example (adapted from [9]) shows, in general the embedding is not compact, even
when p(RY) < 400 and Q = I.

Example 4.3. Let A be defined by

(Au)(z,y) = (Au)(z,y) — ¢ (@)ue(z,y) — 2yuy(z,y), (z,y) € R?,

where ¢ is a smooth convex function such that ¢(z) = x for z > 0 and ¢(z) = —x for
x < —1. The invariant measures associated with the operator A are given by p(dz,dy) =

ce*(‘/’(x)+y2)d1‘dy, ¢ being any positive constant.
Let ¥ € C§°(R) be such that

[0 ray =1
R

and consider the sequence {uy, }nen € L?(p) defined by

2 9
up(z,y) = —F——=7 x), z,y) € R*, neN.
n(2,9) I (¥)X(0,40)(?) (z,y)
Then, u, € L*(u)NC*(R) and [[u, || z2(,) = 1, for any n € N (if we choose ¢ = 1). Moreover,
the first and second order derivatives of u, belong to L?(u) because they are polynomially
bounded. As it is easy to check, Au, € L?(u) and its norm is bounded by a positive
constant, independent of n. Hence, {uy, }nen is a bounded sequence in D(A). Moreover, u,,
converges pointwise to 0 as n tends to +o0o. Since [|uy| z2¢,) = 1 for any n € N, it follows

that no subsequence of {uy,},eny may converge in L?(p).

The following proposition gives a sufficient condition for the embedding of D(A) in L?(u)
to be compact.

Proposition 4.4. Under the Hypotheses 2.1, assume that g;j € C*(RY) (i,j =1,...,N),
p(RY) < +o00 and

N N
> Dijgi; — > Dib; < alQV2(divQ — B)? + 8, (4.4)

ij=1 j=1
for some constants « € (0,1) and 3 > 0. Further, suppose that

lim |Q7/(dvQ - B)l = lim |Q'*D%|= +oo. (4.5)

|| —=+o0

Then, Héy(ﬂ) is compactly embedded in L*(i1) and, hence, D(A) is compactly embedded in
L*().
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Proof. Let us fix u € C§°(RY). An integration by parts shows that

/ QY2 D dy = —/ u?(QD®, De~®)dx
RN RN

= 2/RN w(QD®, Du)dp + /RN w?div(QD®)dp.
Note that (4.4) is equivalent to
div(QD®) < a|QY*D®|? + 8.
Then, we get

/ u2Q1/2D<I>|2d,u§a/ u2\Q1/2D<I>|2d,u+ﬁ/ u?dp
RN RN RN

1/2 1/2
+2 </ |Q1/2Du2du> </ u2|Q1/2D<I>|2du>
RN RN

1
2111/2 e |2 2
<(a+e) /RN u?|Q'2D®|?dp + max {5, 25} lullfy gy (4:6)
for any € > 0. Choosing ¢ such that 1 — « — e > 0, from (4.6) we deduce

| ul@Y2D®| |2y < Cllull s (4.7)

)
for any u € C§°(RY). Since C§°(RY) is dense in Hé(p) by Lemma 3.1, (4.7) holds for any
u € Hé(u)

If u(RY) < +o0, any estimate of the type lupllrzgy < CH“”H&(#) for all u € Hé(u),
with a function ¢ such that lim|, 1 ¢(z) = +00, yields compactness of the embedding
Hég(u) C L%(p) in a standard way. See for instance the proof of [9, Proposition 3.4]. In our
case, we can take ¢ = |QY2D®| because of assumption (4.5). O]

Examples 4.5.
(i) Setting for each x € RN
Q(z) = (lz> + DI,  B(x) = —ylz|">(jz|* + 1)z,

with v > 1, all the assumptions of Proposition 4.4 are satisfied, and consequently
the domain of A is compactly embedded in L*(11). In this case,

eflx"y
p(dx) ZZCE;Ff;jI
c being an arbitrary positive constant.
(ii) Taking Q and B as in (2.6) with
U(z,y) = (az® + by?)7, (z,y) € R?,

where a, b and v are positive constants with v > 1, it is easy to see that all the
assumptions of Proposition 4.4 are satisfied. Hence, the domain of A is compactly
embedded in L?(u). The invariant measures are

w(dz, dy) = ce_(ax%by%vdacdy,

c being an arbitrary positive constant.

€z,
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Remark 4.6.

(i) In Lemma 3.1 we have shown that, under our assumptions, C§°(RY) is dense in

Hég(#) and in Hgg(ﬂ) However, this is not enough for C§°(R™) to be dense in

D(A) with respect to the graph norm. Sufficient conditions for C5°(RY) to be a
core for A may be found in the paper [1].

(ii) Our technique works in L?(x) and not in LP(u) with p # 2. In fact, even in the

[
2l

B8l

(4]

(10]

case @@ = I the LP approach with general p € (1, +00) is different and much heavier
than for p = 2, see [10].
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