ON A CLASS OF ELLIPTIC AND PARABOLIC EQUATIONS IN
CONVEX DOMAINS WITHOUT BOUNDARY CONDITIONS

GIUSEPPE DA PRATO AND ALESSANDRA LUNARDI

ABSTRACT. We consider the operator Au = 1 Au — (DU, Du), where U is a convex real
function defined in a convex open set O C RY and lim|,|— o U(x) = limj,|—p0 U(z) =
+00. We study the realization of A in the spaces Cy(0), Cp(0) and B,(0), and prove
several properties of the associated Markov semigroup. In contrast with the case of
bounded coefficients, elliptic equations and parabolic Cauchy problems such as (1.3) and
(1.4) below are uniquely solvable in reasonable classes of functions, without imposing
any boundary condition. We prove that the associated semigroup coincides with the

transition semigroup of a stochastic variational inequality on Cy(O).

1. INTRODUCTION

We consider the differential operator A defined by

1
(1.1) Au = §Au — (DU, Du)
in a convex open set @ C RN, where U : O — R is a convex function such that
(1.2) lim U(x) = +o0, lim U(z) = +o0.
z—00,2€0 |z| =400, z€0

No further regularity assumptions will be made, except in Proposition 3.5.

The aim of this note is the study of the realization of A and of the associated Markov
semigroup 7'(t) in spaces of bounded functions in @. Therefore, for A > 0 and ¢ Borel
measurable and bounded we shall study the elliptic equation

(1.3) Af(x) = (Af)(z) = ¢(z), z€0,
and the parabolic Cauchy problem

u(t,x) = Au(t,z), t>0, xz€0,
(1.4)
u(0,z) = p(x), x€O.

Solutions to (1.3) and (1.4) are readily constructed by classical methods. See e.g. [2, 3].
Uniqueness of the solution is not obvious. If the gradient DU were bounded, problems
(1.3) and (1.4) would have unique solutions in reasonable classes of functions satisfying
some prescribed boundary condition (Dirichlet, Neumann, or Robin boundary conditions,
see [13]). But since U blows up near the boundary 00, also |DU| does.

Appropriate settings for uniqueness are spaces of bounded functions with bounded first
order space derivatives. More precisely, we denote respectively by B,(0), Cy(O), Cy(O)
the spaces of bounded and Borel measurable, continuous, continuous up to the boundary,

real valued functions, and we set

D(Aos) = {f € CHO) Nz WP (O) : Af € By(O)},

loc

D(Ag,) = {f € CHO) Nys1 WE(0) : Af € Cy(O)},

D(Ac) = {f € CHO) Nz WP (0) : Af € Cy(O)}.

)
oc
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We shall prove that for each A > 0 and for each ¢ € B,(O) problem (1.3) has a unique

solution f € D(Ay). Consequently, if ¢ € Cp(O) (resp. ¢ € Cp(O)) then problem (1.3)
has a unique solution f € D(Ag,) (resp., f € D(Ac¢)). Moreover, the operator

Ag, - D(Acb) = Cb(o)a Af =Af
is dissipative, and so it is m-dissipative. By the Crandall-Liggett Theorem, its part in the
closure D(Ac,) of D(Ac,) in Cp(O) is the infinitesimal generator of a strongly continuous

semigroup {Tp(t) : t > 0} in D(A¢,). However, D(Ag,) is strictly contained in Cp(O),
while we want to work in the whole space C3(O), and in B,(O). The same difficulty arises

in the space Cy(O) if O is unbounded: D(A¢) is strictly contained in Cy(O).

Concerning problem (1.4), we shall prove that for any ¢ € By(O) there exists a unique
solution of problem (1.4) in a large class of functions. Moreover the following assertions
hold.

(i) Setting
T(t)p:=u(t), t>0,
where u is the solution of (1.4), {T'(t) : t > 0} is a Markov semigroup in the space
By (0).
(ii) T'(t) is an extension of Ty(t). Moreover we have

R\, Ap,)p(z) = /000 e MT(t)p(z)dt, X>0, f € By(0), z € O.

(iii) T'(¢) is irreducible, strong Feller and it has a unique invariant measure u given by

-1
(1.5) p(dr) = </ e_QU(x)dx> e V@) gy,
@

Moreover,

(1.6) lim T(t)p(z) = /O o)uldy), VzeO, ge ByO).

t——+o00

(iv) T(t) maps By(O) into C}(O), and for each ¢ > 0 we have
(1.7) I(Tt)p)* + DT ) lloo < llellZ, ¢ € By(O).

The above mentioned “large class” for uniqueness is the set of functions u : [0, +00) X
O + R such that t +— u(t,-) belongs to C ([0, +o0); L%(O, 1)) and t — w(t,-), t — Au(t, )
belong to C((0,+00); L2(O, ).

Indeed, the proofs of our statements rely heavily on the results of [8] where we showed
that the realization Ay of A in L2(O, ), with domain
(1.8)

D(Az) = {u € HX(O,p) : Aue LX(O,p)} = {u € HX(O,p) : (DU, Du) € L2(O, 1)}

is a self-adjoint and dissipative operator, therefore it generates an analytic contraction
semigroup €42 in L?(O, i). Hence, in the language of the theory of evolution equations
in Banach spaces, we have uniqueness of the classical solution of the Cauchy problem
u' = Agu, t > 0, u(0) = ¢ in the space L?(O, p).

In the second part of this paper we study the connection of T'(t) with the stochastic
variational inequality

dX(t)+0U(X(t))dt > dW (),
(1.9)
X(0)=z€0,

where OU (z) = {z* ¢ RN : U(y) > U(z) + (z*,y — x) Yy € RV} denotes the subgradient
of U at z, and W (t) is a standard N-dimensional Wiener process in a probability space
(Q,F,P). The theory of [5] implies that problem (1.9) has a unique solution (for the
precise notion of solution see Sect. 3). Since the paper [5] treats a very general situation,
it is very complicated; here we give a simpler proof of existence and uniqueness in our
specific case, following the approach of [1].
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Then we consider the corresponding transition semigroup,

Fip(z) = Elp(X (t,2))],
and we prove that Pyp(z) = T(t)p(x) for each ¢ € Cp(O) and z € O.

2. ANALYTICAL RESULTS

2.1. Preliminaries. We quote some results from [8] about the realization of A in L?(O, i),
where p is the measure defined in (1.5). The domain D(As) is defined in (1.8).

Theorem 2.1. The resolvent set of Aa contains (0,400). For every A > 0 we have

. 1
(@) RO A2) fllz o) < X Il 220,

2.1 . 2
2 (i) 1IDRO. A0 s, < )2 Ifll(0

(iii) || [D*R(\, A2) f] |l z2(0,) < 2V2 | fll L2000
Moreover, As is symmetric, R(\, Ag) preserves positivity, and R(\, A2)1 = 1/\.

Therefore, Ay is a dissipative self-adjoint operator in the Hilbert space L?(O, i), that
generates a contraction, analytic semigroup e*42. Additional properties are stated in the
following proposition.

Proposition 2.2. The following statements hold.
(i) For each u € D(Az) we have

/ AQ’LL =0.

Consequently, for each f € L*>(O, ) and t > 0 we have

/“‘Qf ul(dz) /f

(ii) The space HY(O, i) is the domain of (—Ag)/2.

(iii) Buvery function in D(As) is the limit in H*(O,pn) of a sequence of functions in
H?(O, ) that are restrictions to O of functions belonging to CZ(RY).

(iv) et42 is a symmetric Markov semigroup in L*(O, i), in the sense of [9, §1.3, 1.4].

(v) The kernel of Ay consists of constant functions.
(vi) For all f € L?(O, i) we have

thgl ez f = /f (dy) in L*(O, ).

By the general theory of semigroups, e!42 may be extended in a standard way to a
contraction semigroup e‘r in LP(O, p) for each p € [1, +o0]. See [9].

tAo

2.2. Further properties of e*2. We begin with local smoothing properties.

Proposition 2.3. €2 maps L*(O, ) into C(O) (in fact, into C1L*(O) for any o €
(0,1)) for each t > 0.

Proof. The proof follows from standard interior regularity properties of solutions to par-
abolic equations with locally bounded and measurable coefficients. We write a sketch
below, but it is really standard.

Let tg > 0, 29 € O. Let r > 0 be such that the closed ball B = B(z, r) is contained in
O, and let 6 € C§°((0,4+00) x B) be a cut off function, such that 6 = 1 in [to/2, 3ty/2] X
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B(zg,7/2). The function u(t, z) = 0(t, z)et42¢(x) satisfies
w(t,r) = Au(t, ) + f(t,2), >0, z€B,

u(0,z) =0, =z € B,

u(t,z) =0, t>0, z € 0B,
with
1
ft,) = e <0t — §A9 + (D9, DU>)) — (DO, Det ).

Since e'4? is an analytic semigroup in L*(O, x) and DU € (L>®(B))N, t — Det42p(t,-) €
C*>((0,4+00); (HY(B))N), then t — f(¢,-) belongs to C§°([0, +00); L2 (B)), where 2* is
the Sobolev exponent 2N/(N — 2) if N > 2, it is any number larger than 2 if N < 2.
Setting the problem in the space L% (B), it follows that u € C*([0, +-00); W2 (B)). If
2* > N then Du € C>®([0, +o0); (C(B))N). If 2* < N we iterate this procedure and in
a finite number of steps we arrive at Du € C°°([0,4+o0); (C(B))"), for any dimension
N. So, t — f(t,-) is smooth with values in L*°(B). Then u is smooth with values in
the domain of the realization of A with Dirichlet boundary condition in L*°(B), which is
contained in C'*(B) for each a € (0,1). O

et42 is a semigroup in L?(O, w), which is a space of equivalence classes of functions.
Let us denote by [-] the equivalence classes of functions in L?(O, ). The statement of
Proposition 2.3 has to be understood as: for each [p] € L?(O, 11), in the equivalence class
[et42[¢]] there is a unique continuous (in fact, C.T*) function.

With this specification, we have the next corollary.

etAQ

Corollary 2.4. €2 is a strong Feller semigroup (i.e., @ is continuous for each v €

By(O) and t > 0).
Another feature of e'2 is the following.
Corollary 2.5. 42 is irreducible.

Proof. Let ¢ be the characteristic function of a ball B CC O. We have to show that
et42p > 0 for each t > 0. This follows from local Harnack inequalities for parabolic
operators with locally bounded and measurable coefficients. [

In the papers [6, 8] we constructed the resolvent R(\, A) for positive A by approximation
with problems in the whole RY. But it is useful to approach R(), A) by resolvents of
operators defined in bounded regular sets O,, C 0. We use the following lemma.

Lemma 2.6. There exists a nested sequence of convex bounded open sets O, with smooth
boundary, whose union is O.

Proof. For each n € N, n > minU, the set K,, := {z € O : U(z) < n} is non empty and
compact, therefore its distance from 0O is positive.

We construct a convex open set O, with smooth boundary, such that K, 1 C O,, C
K, 42. The approximations U, obtained by convolution with smooth mollifiers are well
defined in K, ;2 for € small enough, and converge uniformly to U over K, as ¢ — 0.
Since U is convex, the functions U, are convex too.

Let € = g(n) be so small that ||Us — Ul[peo(x,, ) < 1/2. Then U: <U +1/2<n—1/2
over Ky,_1, Us > U —1/2 > n+1/2 over K, 12 \ K41, so that the level line U, = n
is contained in the interior of K42\ K,—1. The gradient of U, does not vanish at any
point of the level line, because it vanishes only at minimum points, and Uz(z) < n — 1/2
in 0K,,_1, so that in the level line there are no minimum points.

Therefore we can define O,, as O,, = {z € f(n+2 :Ue(x) <n}. O

Since O,, is smooth and bounded, the general theory of PDE’s yields that the realization
A, of A with Neumann boundary conditions in L?*(O,,,dz) = L?(O,,u) generates an
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analytic semigroup T, (t). In the paper [7] we proved estimates quite similar to (2.1) for
the operators A,. In particular,

I1R(1, An)ell 20,0 < l€llL20,.0),

IIDR(1, An)¢l | 12(0, ) < V20l L2000 10)5
I D*R(1, An)e! 120, < 2V2[10]l 12(0, )

for each ¢ € L?(Oy; ). Note that the constants are universal, i.e. they do not depend on
n. This implies that the domains of A, are uniformly embedded in the spaces H?(O,, 1),
i.e. there is C' > 0 independent of n such that

(2.2) [ull2 (0,0 < Clllullz0, ) + [ Antllr2(0,0),  © € D(An).

Although in this paper we deal with real valued functions, in the next proposition we
need to consider complex valued functions to use the standard representation formula of
analytic semigroups through Dunford integrals. So, we consider the spaces L?(O, u, C),
L?(Op, i1, C), and the complexifications of the operators A, A,, (still denoted by A, A,).

Proposition 2.7. For each A\ ¢ (—c0,0] and each ¢ € L*(O,u;C), R(\, A)y is the a.e.
pointwise limit of R(X\, An)p|o, . For each t > 0, T(t)p is the a.e. pointwise limit of

Tn(t))§0|(9n .

Proof. Since A and each A, are self-adjoint and dissipative, their spectra are contained
in (—00,0] and the norms of their resolvent operators, in the spaces L?(O,u;C) and
L?(Oy, p; C) respectively, do not exceed (|A|cos(8/2))~! for each A\ ¢ (—o0,0], with § =
arg(\).

Fix A ¢ (—00,0]. For each n € N, the function u, := R(\, An)p|0, is well defined
in O for n > k, and since A,R(\, A,) = AR(A, A,) — I, by the obvious extension of
(2.2) to complex valued functions the sequence (uy),>k is bounded in H?(O, u; C) by a
constant independent of n. By the usual diagonal procedure, we can find a subsequence
Up,, that converges weakly in each H? (O, u; C) and pointwise a.e. in Oy to a function u €
H?(O, p1; C), for every k € N. Since ]| fr2 (0, ;0 is bounded by a constant independent
of k, then u € H?(O, uu; C). Moreover, the weak convergence implies that A\u — Au = ¢
in Q. Since O is the union of the sets Ok, then wu satisfies A\u — Au = ¢ in O. It
follows that u = R(\, A)p. Since for any other converging subsequence the limit has to be
(R(A, A)p) |0, then the sequence (uy)n>k (and not only a subsequence) converges weakly
in H2(O, u; C) and pointwise a.e. in Oy to R(\, A)p, and this proves the first part of the
statement.

Representing T'(t) and T,,(t) by Dunford integrals over the same contours, we get point-
wise convergence of T, (t))p|0, to T'(t)p. O

2.3. Definition and properties of T'(t). We set
T(t)p =e“2p, t>0, p € By(0O),

or, to be more fastidious: T'(t)¢ is the unique continuous function in the equivalence class
of etz

Since the density e=2V of y is positive in O, then L>®(O, u) = L>®(O, dx). Therefore,
T(t)p = et2p € L>®(0,dz) for each ¢ € Cy(O). So, T(t) is a contraction semigroup
in By(0) and in Cy(O). Since it is the restriction of e!42 to By(0), it inherits several
properties of et42. In particular, it is irreducible and strong Feller.

Proposition 2.8. T(t) maps Cy,(O) into C{(O), and for each t > 0 we have
(2.3) I(Tt)p)* + tIDT ()¢ lloo < [0ll3:  » € Cb(O).

Proof. The idea is to approach T'(t)¢ by the solutions of Cauchy-Neumann problems in
bounded convex open sets O,, with smooth boundary, for which we get an estimate similar
to (2.3) in the usual way.

We consider the O,,’s constructed in Lemma 2.6.
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Fix p > N. From the general theory of PDE’s we know that the realization A, of A in
LP(O,,) with Neumann boundary condition generates an analytic semigroup 7}, (t).
Let u(t, z) := T,,(t)p|0, (z) be the solution of the problem

Diu= Au= %Au — (DU, Du), t>0, z€ O,,

(2.4) Ou _ 0, t>0, z€00,,
ov
u(0,2) = ¢(x), =z € Oy

The usual procedure to get estimate (2.3) for u needs C? coefficients, so we approach again
U by the functions U, used in Lemma 2.6, and consider the solutions u. of

Dy, = %Aus - <DU5,DU5>, t>0, x €0,
Ou,

(2.5) =0, t>0, €00,
ov

ue(0,2) = p(x), =z €Oy

The procedure of the paper [2] (i.e., using the maximum principle in the equation satisfied
by v(t, x) := |(ue(t, 2))* + t| Duc(t, 2)[?|) gives

(2.6) |(ue(t, ) + t|Duc(t, z) | < |l¢l|%, t>0, z€0,.
The difference v, := u — u, satisfies
Dw. = $Av, — (DU, Dv.) + (DU. — DU, Du.), t>0, x € Op,

?;;E:O, t>0, x € 90,,
v:(0,2) =0, z€ Oy,
so that .
(= u)(t) = [ Tult = 9)g:(5)ds
where ’

g:(s) = (DU. — DU, Duc(s,-)).
Since DU € (L*°(0,))", then DU, — DU goes to 0 in (LP(0,))". Since || Duc(s,")|loo <
C/+/s by (2.6), then ||s'/2g.(s)||z» goes to 0 as ¢ — 0. It follows that (u —u.)(t,-) goes to
0in D4, (1/2,p) and hence in WP(0O,,). Since p > N (the space dimension), (u —u.)(t, -)
goes to 0 in L*°(0,,). The convergence in the sup norm is enough to bound the Lipschitz
constant of u(t,-). Therefore,

(2.7) (Ta(t)ei0,)? + DT () p0, e < llellZ.
On the other hand,for each ¢ > 0 T'(t)p is the a.e. pointwise limit of T (t)p0, by

proposition 2.7. By estimates (2.7) and the Arzela-Ascoli theorem, for each compact set
K C Q a subsequence converges uniformly to T'(t)¢ on K. Therefore, for each x € K,

(T(t))* (x) + t|DT (t)l* ()| < [0l
and the statement follows. OJ

Corollary 2.9. T(t) maps By(O) into C}(O), and for each t > 0 estimate (2.3) holds for
each ¢ € By(O).

Proof. Let t > 0, ¢ € (0,t) and ¢ € By(O). We know that T'(g)¢ € Cp(O), and (2.3)
applied with ¢ replaced by T'(¢)p and t replaced by t — € gives

I(T(t)¢)? + (t = &) DT )¢l < [T()0ll% < ol
Letting € — 0 yields the statement. [J
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As a corollary of the gradient estimate we obtain a nice convergence result as t — oo.

Corollary 2.10. For each ¢ € By(O) we have

lim T'(t)p(z) =m:=/ocp(y)u(dy), VzeO,

t——+o0

and the convergence is uniform on each compact subset K CC O.

Proof. Since {T(t)¢ : t > 1} is bounded in C{(0), a sequence (T (t,)¢), with limy, e t, =
400, converges pointwise in O and uniformly on each compact subset of O. The limit is
the mean value m, because T(t)p goes to m in L?(O, ) as t — +oc. In fact, for every
sequence t, — +00 a subsequence T'(ty,))y converges pointwise in O, and this implies
that lim; 4 o0 T'(t)p(z) = m for each x € O. The convergence is uniform on each compact
set because limy_, 4o || [DT(t)¢]| ||oc = 0 by Proposition 2.8. [

Another corollary is the following representation formula for 7'(¢).

Lemma 2.11. For each t > 0, x € O there exists a probability measure pt, in O such
that

(2.8) (T(t)g) () = /O o(W)Pral(dy), ¢ € CH(O),

Proof. Fix t > 0 and « € O. Denoting by C.(O) the space of real valued continuous
functions with compact support in O, the functional C.(O) — R, ¢ — (T'(t)p)(z) is linear
and positive. Therefore (see e.g. [12, Thm. 2.14]) there exists a unique Borel measure p;
on O such that (2.8) holds for each ¢ € C.(O).

Let us show that p; ,(O) is finite. If {¢,, : n € N} is an increasing sequence of functions
in C.(O) that converges pointwise to 1, for each n € N we have

/O onpraldy) = T(t)pn(z) < T(H)1(x) = 1,

and the left hand side converges to p; »(O), by the Monotone Convergence Theorem.

Let now ¢ € Cp(0O), and let {p, : n € N} be a sequence of functions in C.(O) that
converges pointwise to ¢, and such that [[¢n]lcc < ||¢|loo- The functions T'(t)p, are
equibounded and also equi-continuous, since || [DT(t)¢n| ||lso < ||¢nllso/Vt by Proposition
2.8. Consequently a subsequence T’ (t)goa(n) converges pointwise in @. The limit is T'(¢)¢p,

because T (t)pn goes to T(t)p in L?(O, u). So, for each x € O we have

(T(@)p)(x) = Tim (T(t)pam)(x) = Hm [ o) (y)pra(dy) = / e(Y)pe(dy)
o o

n—o0 n—oo

by dominated convergence. Therefore, the representation formula (2.8) holds for all con-
tinuous and bounded functions.
As a last step, from T'(¢)1 = 1 we get p; ,(O) =1. O

Now we can define the realizations of A in By(0O), in C(O) and in C,(O) through their
resolvent operators. Namely, we define Ao, as the unique linear operator in B,(O) whose
resolvent for A > 0 is given by

(2.9) RO Aw)p() = /0 T eIt € By(O).

In other words, R(A, Ax) is the restriction of R(A, A2) to By(O), that maps By (O) and its
subspaces C,(Q) and Cy(O) into Cy(O). Note that, since T'(t) is a contraction semigroup,
then ||R(\, Axo)|| < 1/ for each A > 0 so that A is a m-dissipative operator.
Proposition 2.12. D(Ax) = {u € CL(O)N,51 WH(O) : Au € By(O)}.

Proof. Let u € D(Ax). Then u = R(\, Ax)p for some A > 0 and ¢ € By(O), so that
u € H?2(O, ) N By(O), and Asou = Au € By(O) since Asou = Au + . Moreover, the
representation formula (2.9) and Corollary 2.9 yield u € CL(O).
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To prove that u € VVlQOf(O) for each p > 1 we use the same procedure of Proposition
2.3, adapted to the elliptic case which makes it easier. We rewrite it for convenience.

Let 9 € O. Let r > 0 be such that the closed ball B = B(z,r) is contained in O,
and let 0 € C§°(B) be a cut off function, such that = 1 in B(zg,7/2). The function
v(z) = O(x)u(x) belongs to D(As) and satisfies

M(z) — Av(z) = f(x), =z € B,

v(z) =0, =z € 0B,
with
f(x) = (A0)(x)u(x) — (DO(z), Du(x)).
Since the coefficients of A are in L>(B) and u € C'(B), then f € L>(B) and by the
general theory of elliptic PDE’s, v € W2P(B) for every p € [1,+00). Since v coincides
with u in B(z¢,7/2), then u € W*P(B(xg,r/2)) for every p € [1,+0c0).

Let now u € C}(O) Np>1 I/Vlif(()) be such that Au € Cy(0O). To prove that u € D(Ax),
fix A > 0 and set Au — Au = f. The function w = R(\, Ax)f is in D(As) by definition,
and we have to show that it coincides with uw. By the first part of the proof, we know
that it belongs to C(O) Np>1 V[/lif((’)), moreover it satisfies A\w — Aw = f. Therefore the
difference v : u —w belongs to C}(O) Np>1 VV;’?(O) and satisfies \v — Av = 0. Multiplying
by v and integrating over the open sets Oy given by Lemma 2.6, we get

1 v
Ok:pt) — 9 00, on

The integral in the right hand side does not exceed ck|| |Dv|||oo||v||00, Where

= / e Ydo.
a0y,

goes to 0 as k — oo because e 2V (@) < ¢=2(k=1) for each 2 € O}, while the surface measure
of 0Oy is either bounded (if O is bounded) or grows at most polynomially with k, if O is
unbounded. This is because O is a convex set contained in {x € O : U(x) < k+ 2} which
in its turn is contained in the ball B(0, (k + 2 + b)/a) where a > 0, b € R are such that
U(z) > alz| — b for every z € O. Therefore, the surface measure of 90 does not exceed
the surface measure of the ball B(0, (k+241b)/a).

Letting £ — oo we obtain AHUH%Q(OM = 0so that v=0. O

1
Mol a0y + 511 1D01 22

2.4. Moreau-Yosida approximations. We extend U to the whole RY setting U(x) =

to0 for x € RV \ O. We introduce the Moreau-Yosida approximations of the extension
(still denoted by U),

1
(2.10) Ua(z) :inf{U(y)er\x_y\?: Y€ O}, zeRN, a>0.

As well known (see e.g. [4]) they enjoy the following properties:
(i) Us(z) <U(2), Uy(z) T U(x) as a — 0, for each z € RY;
(ii) U, € C*(RY) and DU, is Lipschitz continuous for each a > 0;
(iii) DUq(x) — DoU(z) and |DUq(z)| 1 |DoU ()| as o — 0, for each € dom 90U = O.

Here we denote by DoU(x) the element of minimal norm in oU (z).
We consider the operators in the whole RY defined by

Ay D(Aa) = H2<RN7,U&) = LQ(RN7Ma>7 Ay = %A - <DU0¢;D‘ >7

-1
o (dx) = (/ e—QUa(y)dy> e—2Ua(2) g0
RN

Each of them is the (self-adjoint) infinitesimal generator of a contraction semigroup 7T, ()
in L2(RY, 114), and we have

(Ta () f)(2) = E(f(Xa(t, )))



ELLIPTIC AND PARABOLIC EQUATIONS WITHOUT BOUNDARY CONDITIONS 9

for each f € Cy(RY), where X, (t, ) is the unique solution to
dX(t,x) = —DUy(X (t,z))dt +dW (t), t>0,
(2.11)
X(0,z) ==,
and W (t) is a standard N-dimensional Brownian motion.
Moreover, we have ([2])
1

(212) HDTa(b)f1 e <

Hf”ooa [ € Cb(RN)v t>0,
and for A > 0 we have ([7])

(@) RO A) fllz@y poy < 5 I flL2@Y )

> =

. 2
(2.13) @) DR A flllzz@n oy < 75 1 la2en g

L (iid) [[1D* RO, A I 2@y pa) < 2V2 1 F |2 i)
Estimates (2.13) yield estimates on Ty ().

Corollary 2.13. There is C > 0 such that

(2.14) [EACTe (D L2 @™ o)) T 1 Ta@ 2@y pey) < € a>0,t>0.

Proof. For each self-adjoint dissipative operator A in a Hilbert space H, the resolvent set
of A contains C\ (—o0, 0] and we have

A A = \cos(0/2)
IR, Al Ly < A cos(6/2)’

with # = arg A. Denoting by S(¢) the analytic semigroup generated by A and representing
it by the usual Dunford integral, we get

(2.15) LS l.pay) + IISOlLpay < C1, >0,
with C} independent of A.
Let us take H = L?(RY, o) and A = A,. By estimates (2.13), the graph norm of A,

is equivalent to the norm of H?(R™, ), with equivalence constants independent of .
Therefore, (2.15) yields (2.14). O

AeC\ (—o0,0],

Theorem 2.14. Let f € Cy(O), and let f be any extension of f belonging to Cy(RYN).
Then we have

iiirbTa(t)f(x) =T@#)f(z), t>0,x€O.
Proof. The extension f belongs to L2(RY, j14) for each o > 0. By estimates (2.14), (¢, z) —
Ua(t, ) = Ta(t)f(x) is bounded in L2((e, +00): H2(RY, jug)) N H((e, +00); L2(RY, 11))
(because d/dtu, = Aquq) for each € > 0, and by estimate (2.12) it is bounded in
Cy((e, 4+00); CL(RYN)) for each & > 0.

Since Uy (z) goes to U(x) monotonically as o — 0, then e goes to e~
monotonically, and ( [y e72Y>®)dz)~1 goes to ([, e 2V(@dz)~!. Therefore for each ¢ €
L*(RY p14,) for some ag, the restriction Y10 belongs to L*(O, p) and 191 22(0,ua) BOES tO
[l z2(0 ) as o — 0.

It follows that the restrictions of u, to (g, +00) x O are bounded in L?((e, +00); H2(O, 1))
N H'((e,+00); L?(O, u)) by a constant independent of «.

A sequence (ug,, ) converges weakly in L?((g, +00); H2(O, u)) N HY((g,+00); L*(O, i)
to a function v € L2((g, +00); H2(O, 1)) N H((e,+00); L2(O, p)), for each & > 0. More-
over, for each t > 0 and for each compact set K C RY the convergence is uniform on
KnNO. Since

—2Uq () 2U (z)

d

1
% Un,, — *Aa:uan + <DUan7 Da:uan> =0,

"2
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for each w € C2°((0, +00) x O) we have
oo 1
/ /@ (/1 e, — 5 At + {DUs, Do, )it p(dr) = 0
0

and letting n — oo (recalling that DU, goes to DU in L%(K,dz) for each compact set
K C O), we get

& 1
/ / (ug — iAzu + (DU, Dyu))w dt pu(dz) = 0
0 @]

and since w is arbitrary,
1
u(t, ) — iAxu(t,:c) + (DU (z), Dyu(t,z)) =0, t>0, z€ Qa.e.

If we prove that u is continuous in [0, +o0) with values in L%(O, ) and u(0) = f we
are done: indeed, in this case u € C([0,+00); L2(O,u)) N L*((g,+o0); H*(O, u)) N
H'((g,+00); L?(O, p)) for each & > 0, it satisfies us— Asu = 0, u(0) = f, and it follows that
u(t) = 42 f. By uniqueness we obtain that Ty (t)f(z) converges to e!? f(x) = T(t)f(z)
(not only a sequence Ty, (t)f(z)).

To prove that u is continuous, the first step is boundedness. Set

1/2 1/2
M, = (/ e_QUa(x)dx> ,a>0, My:= (/ 6_2U(x)d$> .
RN RN

Since M, is increasing, then
MOSMCVSM:[’ 0<a<l.

Since H'((e,+00); L2(O, 1)) is continuously embedded in Cy((g, +00); L?(O, it)), then
for each t > 0 the sequence u,, (t) converges weakly to u(t) in L?(O, u). It follows that
for each t > 0

IN

. . M.,
lim sup [[ua,, (t)[| 22(0,) < limsup = [|va, ()| L2(0 0, )
n—oo MO

n—oo

lu(®)ll 220,

(2.16)
. M,,,
< llrrisgp Mo 1 £1122(010y) = 12200 -

As a second step, we prove that the functions u,, a € (0, 1], are equi-uniformly contin-
uous from [a, +00) to L?(O, u) for each a > 0.
For ¢t > s > 0 we have
M,

Uq,, (T) — Uq, (5 < ™|, (F) — Ua, (s N
[a, (2) ()220, < = lltan(t) (220,110

(2.17) t
Mo, CM|t — s
< MO /3 ||AanTan(r)fHLQ(RN“uan)d’l“ < T(ﬁ||f||L2(O’ua“)7

where C' is the constant in (2.14).

Equi-continuity up to ¢ = 0 is a bit more delicate; in fact we prove a weaker estimate
that however implies that u is continuous. Precisely, we prove that for each € > 0 there
are ag > 0, tg > 0 such that

(2.18) ua(t) = fllzziop <& 0<a<ag, 0<t<tp.

We prove (2.18) in two steps: first, for f € C°(0), and then for any f € C,(O).
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If f e C(0), equi-continuity at s = 0 can be proved as at any s. Indeed, since
f € D(A,) for each a € (0,1], for ¢ > 0 we have

M,
[wa®) = Flzzom = 77 7 ua(t) = fllrzop)

219 <30 [T A e i 10 4 )
( . ) — MO 0 a\T)Aa L2(RN puq) = MO aJ lIL2(0,pa)
<t 2 (LA oo+ 1DU o )10 o ) Isup 172
My
where | - | denotes the Lebesgue measure.

If f is just continuous and bounded, it belongs to L?(O, i) for each a. Taking o = 1,
there is a sequence (fi)ren of smooth compactly supported functions that converge to f
in L2(O, u1) and hence in L?(O, ue) for every a € (0,1), and also in L?(O, u). We have,
for 0 < a <1,

(2.20) Jua(®)=Fllzzom < 1Tal)(F=Ff)llz2(0 0 H1Ta () fo—Fell 2o + 1 o= Fll 2200

where

M, Ma ~
ITa((f = fi)ll 20 < ||T O = fill 20y < A ITa (&) (f = f)ll L2@N )

M,  ~ M, . ~ ~
< M, 1f = frll L2y gy < A Il 2@v\opua) + I1f = fellL20,a))

M
< r (HfHoo (1aRY N ONY2 (I = fill 20 m)-

Simﬂaﬂy) 1f = fllezon < Mi/Mollf — frllL2(0,)-
Given any € > 0, let us fix k large enough such that

2*llf fellzzou) <

OJ\(*)

Letting g be so small that
My |~ €
3z 1 lee (aRVNO)Y2 < 2, 0 << ap,
My 3
and using estimate (2.19) for f, we obtain (2.18). It follows that for each € > 0 there is
to > 0 such that
(2.21) ua(t) — ua(s)llr2on <26, 0<a<ag, 0<t, s<tp.

Together with (2.17), this estimate implies that w is uniformly continuous with values in
L?(0O, p); indeed for t > s > 0 we have

lu(t) = u(s)[ 720, = limn—oo(ta, (t) — ta, (5), u(t) — u(s)) L2(0,)

< limsup,, o [[tian, () = tay, ()| 22(0 ) 21 fll 22 (0,09
by (2.16), and using (2.17) and (2.21) we are done. [J

3. A STOCHASTIC DIFFERENTIAL INCLUSION

In this section we consider the stochastic differential inclusion
dX(t) +0U(X(t))dt > dW(t),
(3.1)
X(0)=z€0,

where W (t) is an RV-valued Brownian motion in a probability space (€2, F,P), with con-
tinuous trajectories.
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Definition 3.1. Let T' > 0. A pair (X,n) is called a solution of (3.1) in [0,T] if
(i) X :[0,7] x Q — RY is a continuous (that is such that X (-,w) € C([0,T];RN) for
almost all w € Q) adapted process and X (s,w) € O, P-a.s. for each s € [0,T];
(ii) 7 : [0,T] x Q — RY is an adapted process such that n(-,w) € BV ([0,T];RN) for
almost all w € Q1 and

X(t)+nt)=x+W(), te]l0,T)].
(iii) For each v € C([0,T]; O) we have

T
(32) [ tants) = D e()ds. X(5) - v(s)) = 0
0
where dn is the measure defined by the Stieltjes integral
dn([a,b]) =n(b) —n(a), 0<a<b<T.

Any solution enjoys further properties, stated in the next proposition.

Proposition 3.2. Let (X, n) be a solution of (3.1) in[0,T]. Then for eachv € C([0,T]; O)
we have

T T
(3.3) /0 (dn(s), X (s) —v(s)) > /0 (U(X(s)) —U(v(s)))ds, P—a.s.

It follows that s — U(X(s)) belongs to L'(0,T) and X (s) € O for almost all s € (0,T),
P-a.s.

Proof. Fix w such that X(-,w) is continuous. For 0 < & < 1 set
ve(s) =ev(s)+ (1 —e)X(s), s€]0,T)].
Then v.(s) € O for each s € [0,T]. Using (3.2) with v = v. we get
T T
| (@n(s),X(6) = vats) = [ (DU (02(). X () — (o))
0 0
Since X — v = ¢(X — v), we obtain
T T
[ tn(s), ()~ v(s)) = [ DOV (e, X ()~ vl
0 0
Since (DoU (ve(s)),ve(s) — y) > U(v(s)) — U(y) for each y € RV, then
(DoU (ve(s)), X () — v(s))) = (DoU (ve(s)), ve(s) — (ve(s) + v(s) — X(s)))
> U(0a(s)) — Ulva(s) + v(s) — X(5))

= Ul(ve(s)) = Ulo(s) + e(v(s) — X (s))].

Consequently,
T
/ (dn(s), X / {U(ve(s)) — Ulols) + e(o(s) — X(s))]}ds,
0

so that, letting ¢ — 0,

T

/ (dn(s). X(s) — v(s)) > liminf / {U(0e(5)) — Ulo(s) + £(u(s) — X(s))]}ds
0

T
> /0 (U(X(s)) — U(u(s)))ds.
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We shall solve problem (3.1) by approximation, considering
AX (1) + DU (Xo(8))dt = WV (2),
(3.4)
Xa(0) =z € RV,
whose solution we denote by X,(t). Here U, are the Moreau-Yosida approximations of
U defined in (2.10). We recall that U, is differentiable in RV with Lipschitz continuous
gradient.
We shall find some a priori estimates on the solution X, to (3.4) which will allow us to
find a solution of (3.1) letting @ — 0. First we need a lemma.

Lemma 3.3. There exist p > 0, k > 0 and xg € O such that
(3.5) (DU, (z), ) > p| DUy ()| + (DU (z), 20) — k(1 + |z]), =€ RN,
Proof. Let 9 € O and p > 0 be such that the closed ball centered at zy with radius p is
contained in @. By the monotonicity of DU, it follows that for each z € RY with |z| = 1
we have
(DU, () — DUy (z0 + p2), 2 — (20 + p2)) >0, =RV,

Consequently

(DU, (z),z) > p(DUy(x),z) + (DUqy(x), x0) + (DU (20 + p2),2 — (T0 + p2))

v

p(DUq(x), 2) + (DUq(x), x0) — k(1 + |2),
for a suitable k, since DU is bounded in the ball B(zg, p) and |DU,(z)| < |DoU(x)|.
The conclusion follows choosing
_ DUgy(x)
*T DU @)
O

Theorem 3.4. For any « > 0 problem (3.4) has a unique continuous solution X,. For
each x € O there exist the limits

(3.6) E%XﬁﬁqﬂﬂinaMﬂmm,Pﬁ&

and

(3.7) lim tDUa(Xa(s))ds —=:n(t) € OU(X(t)), Vtel[o,T)
a—=UJo

Moreover, X is the unique solution to problem (3.1).

Proof. We set Y, (t) = Xo(t) — W (t). Then equation (3.4) is equivalent to the ordinary
differential equation with random coefficients

& Yalt) + DUWYalt) + W (1) =0,
(3.8)
Y, (0) = z,

which has a unique C! solution Y, for P-a.e. w, because DU, is Lipschitz continuous. We
need three estimates.

First estimate. There exists C' = C'(w, x) such that
(3.9) Yo (t)|]? + /UW' s))|ds < C.
Multiplying scalarly both sides of equation in (3.8) by Y,(¢) yields

Ly (P + (DUa(Xa()), Xa(t)) = (DUa(Xa()), W(0))-

3.10
( ) 2 dt
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By (3.10) and (3.5) it follows that
1d
2 dt
Integrating with respect to t we get
(3.11)

Ya()? +2p /0 DU (Xa(s))|ds

Yo () + plDUa(Xa(t)] < (DUa(Xal(t)), W(#) = z0) + k(1 + | Xa(t)]).

< |z* + 2/0 (DU (Xa(s)), W(s) — xo)ds + 2k/0 (14 [Xa(s)|)ds

< |;L~|2+2/0 <DUQ(XQ(S)),W(S)—:n0>ds—|—2/~c/0 1Yo ()]ds + 2KT(1 4+ [W]l).

Now we estimate the first integral in the right hand side of (3.11).
We fix w € 2 and consider § = §(w) > 0 such that

Stel0,T], Jt—s| <5 = W)~ W) < 7 p

Then we take a decomposition {0 = tyg < t; < t, = t} of [0,¢] with ¢ < T such that
maxi<j<n |t; — ti—1| < J. We have

n

S| [ DUl W(6) ~ Wit )i
k=1 |"tk—1

<

/0 (DU (X (5)), W (s) — 20)ds

Y

/ N DULXa(8)). W ter) — 0)ds
k=1

tk—1

/ V(). W (k) — o)

te—1

1 t &
<i0 [ IPULXa(s)lds + Y
0 k=1

1 t
<1 / DU (Xo(s))|ds + 2nC sup [Ya(s)],
47 Jo s€[0,1]

with C' = sup,c(o7) [W(s) — xo|. Using this estimate in (3.11) gives
3 t
Yo (t)]? + 2p/ |DUL(Xo(s))|ds < |z|> + (4nC + 2kT) sup |Ya(s)| + 2kT(1 4 [|[W]|oo)-
0 s€[0,t]
Therefore,

sup |Ya(s)]? < |z* + (4nC + 2kT) sup |Ya(s)| + 2kT(1 + ||W]|oo)
s€[0,T7 s€[0,17]

and (3.9) follows.

Second estimate. There is C' = C(w, x) such that for any h € [0,7T] we have

(3.12) Yo (h) —z? < C(h + sup |W(8)|>
s€[0,h]
Multiplying scalarly by (Y4 (t) — z) both sides of the equality
d
dt (Ya(t) - x) + DUoz(XOc(t)) =0

yields
’YCX(t) - x’2 + <DUa(Xa(t))a Ya(t) - x) - 07

N | =
SIS
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which is equivalent to
1d
2 dt
= <DUa(Xa(t))v W(t» - <DU0¢($)7 Xa(t) - .73)

Taking into account the monotonicity of DU, we get
1d
2 dt

By (3.9) the functions X, are bounded in [0,7] by a constant independent of «. Hence,
there is C' > 0 such that

1d
5 o |Ya(t) —2> < C + sup [W(s)| [DUa(Xa(t))]-
2 dt s€[0,t]

Ya(t) = 2f* + (DUa(Xa(t) = DUa(2), Xa(t) — @)

Ya(t) = 2]* < (DUa(Xa(1), W (1)) + |DU ()| | Xa(t) — al.

Integrating with respect to ¢ and using again (3.9) we arrive at (3.12).

Third estimate. There is C' = C(w,x) such that for any ¢ € [0,7] and h € [0,T — t| we
have

(3.13) Yot +h) =Ya(0)]* < C<h + sup yW(s)|> +C sup |[W(s+h) — W(s)|.
s€[0,h] s€[0,t]
Write for A > 0
d
dt (
Multiplying scalarly both sides by Y, (t + h) — Y, (¢) yields
1 d
2 dt

which can be rewritten as

5 Valt 1) = Ya(t)? + (DUa(Xa(t + 1)) — DUa(Xa(t)), Xa(t +b) = Xo(0)

Yo(t +h) = Yo(t)) + DUy (Xo(t + 1)) — DUs(X4(t)) = 0.

‘Y (t + h) oc(t)|2 + <DUO<(XOc(t + h)) - DUa(Xa(t))vya(t + h) - Ya(t)> - 07

= (DUo(Xa(t + h)) — DUa(Xa(t)), W(t + h) — W(t)).
By the monotonicity of DU, we get

1d

2 dt

< (IDUa(Xa(t + h))| + |DUa(Xa ()W (t + k) — W(2)].
Integrating with respect to ¢ yields

[Ya(t +h) = Ya(t)]* < (DUa(Xa(t + h)) = DUa(Xa (1), W(t + h) = W(t))

1 1
5 Valt+ 1) = Ya() < 5 Valh) — o

+/ (|IDUL(Xa(s+ h))| + |DUL(Xa(5))|)ds sup |[W(s+h)—W(s)|.
0 s€[0,t]

(3.13) follows now from (3.9) and (3.12).
Limit as o — 0. Since W is continuous in [0, 7], by (3.13) it follows that {Y,} is equicon-
tinuous. By the Arzela-Ascoli Theorem there is a sequence («;,) such that

Y., (t) = Y (¢t), wuniformly on [0,T]

and so
X, (t) — X(t), uniformly on [0,T].
On the other hand by (3.9) the sequence (7,,,) defined by

)= [ DU, (X (D, € 0.7,
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satisfies the estimate
t
(3.14) / 1, (s)|ds < C, te[0,T].
0

It follows that (7,,, ) has uniformly bounded variation in [0, 77, i.e.,

Man | BV (0,7ry < C, neN.

Then by Helly’s Theorem (see e.g. [10, Thm.4 p.370, Thm.5 p.372]) there is a subsequence,
again denoted by (7, ), such that

(3.15) Nay, (t) — n(t), VYt e€[0,T],
and
T T
(3.16) /0 (o (1), 2(8)) — /0 (dn(t), (1)), ¥z € C(0, TRY),

where f0T<d17an (t),2(t)) and f0T<d77(t), z(t)) are the corresponding Stieltjes integrals.
Letting n — oo in the identity

Xon (t) + N, (t) = x + W (),
we obtain that (X (t),n(t)) satisfies
(3.17) X(@)+nt)=x+W(t), Ytel0,T].

Moreover, taking into account that
T
/ (DUa, (Xa,, (1) = DUa, (2(1)), Xa(t) — 2(t))dt 2 0, V z € C([0,T];0),
0
we obtain by (3.16) that (X(¢),n(t)) satisfies (3.2).

Proof that X (t) € O, P-a.e. Set
Joy) = (1+dU) YHy), a>0,yecRY,
Then J,(y) € dom U = O, and
(3.18) [Ja(y) =yl < a|DUL(y)|, VyeRY.
Therefore, [i [Xa(s) — Jo(Xa(5))|ds < a [; |DUs(Xa(s))|ds, and by estimate (3.9) it
follows that
T
(3.19) / X () — Ja(Xa(s))|ds < Ca,
0

which implies that

lin% Xa(s) — Ja(Xa(s)) =0, ae.

Since X, (s) — X (s) for each s and J,(X4(s)) € O, then X (s) € O for almost all s € [0, T].
Since X is continuous, then X(s) € O for all s € [0,7].

Uniqueness. Assume that there are two solutions (Xi,71), (X2,m2). Fix any z¢p € O and
set, for 0 < e < 1,

Xi(s) = (1 —e)X1(s) +exo, X5(5) = (1 —¢e)Xa(s) +exg, 0<s<T.
Then X{ and X§ have values in O, and (3.3) implies

T T
/ (dm(s), X1(s) = X5(s)) = / [U(X1(s) = U(X5(s))lds,
0 0

T T
/ (dn2(s), Xa(s) — Xi(s)) > / [U(X2(s) = U(Xi(s)))ds.
0 0
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Summing up,

T
/0 (dnn(s) — dna(s), X1 (s) — Xa(s)
T T
te /0 (dnn(s), Xa(s) — w0} + ¢ /O (dnas), Xu(s) — xo)

T T
> / U(X1(s)) — U(X5(s)))ds + / U(Xa(s)) — U(X5(s))]ds.
0 0

Letting ¢ — 0, both integrals in the right hand side go to 0: indeed, for almost all s
Xi(s) € O sothat U(X;(s)) — U(Xi(s)), moreover U(X:(s)) < (1—e)U(X1(s))+eU(xo),
so that

e(U(Xi(s)) = U(zo)) < U(Xi(s)) = U(X;(s)) < U(Xi(s)) —minU,
and U(X (:)) € L*(0,T) by Proposition 3.2, for i = 1, 2. Therefore, recalling that X; —
—(m —n2),

T T
/0 (dm(s) — dna(s), X1 () — Xals)) = — /0 (dnn(s) — dna(s),m1(s) — 1a(s)) > 0.
It follows that
T
/0 d(im (1) — m(®)P) <0

and since 771 — 72 is continuous, this implies 1 = 12 and X; = Xo.

So, we have proved the statement, with convergence in (3.6) and in (3.7) for a sequence
(). But uniqueness implies that (Xg,74) converges. O

Proposition 3.5. Let (X,n) be the solution of (3.1). If U € CYO), then dn(t) =
DU (X (t))dt for all t € [0,T] such that X(t) € O.

Proof. By Proposition 3.2 we know that X (¢) € O for almost all ¢ € [0,T]. Let tg € [0,T]
be such that X (typ) € O. Then there exist 0 < a < b < T such that a <ty < b and

X(s) €O, Vsela,bl.
Next we choose v of the form
o(s) = X(5) £ 26, b€ CZ(ah),

with & small enough such that v(s) € O for each s € [a,b]. We substitute in (3.3) and we
get

b b
:F/ (dn(s), ¢(s)) = :F/ (DU(X(s) £ e¢(s)), d(s))ds.

Letting ¢ — 0 we get
b b
:F/ (dn(s), p(s)) > :F/ (DU(X(s)), ¢(s))ds.
Hence,

dn(s) = DU(X(s))ds Vs € [a,b].
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3.1. Identification of T'(t) with the transition semigroup. Let f € C,(O) and let f
be any extension of f belonging to Cj(RY).
Define the transition semigroup of (3.1) by

P f(z) =E(f(X(1)), t>0, f€Cy(0), z€0,
where X is the first component of the solution (X,n) of (3.1). By (3.6), f(X(t)) =

F(X(t)) = lima_g f(X4(t)), P-a.s. Hence,
Pif(x) = lim E(f(Xa(1), ¢>0, 2 € 0.

On the other hand, E(f(X4(t))) = Tw(t) f(x). By Theorem 2.14, for each t > 0 T,(t) f(z)
converges to T'(t) f(x) as a — 0. Therefore, T'(t)f(x) = P,f(z) for each z € O.
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