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ABSTRACT. In these lectures we give an overview of the circle method introduced by Hardy and
Ramanujan at the beginning of the twentieth century, and developed by Hardy, Littlewood and
Vinogradov, among others. We also try and explain the main difficulties in proving Goldbach’s
conjecture and we give a sketch of the proof of Vinogradov’s three-prime Theorem.

1. ADDITIVE PROBLEMS

In the last few centuries many additive problems have come to the attention of mathemati-
cians: famous examples are Waring’s problem and Goldbach’s conjecture. In general, an ad-
ditive problem can be expressed in the following form: we are given s ≥ 2 subsets of the set
of natural numbers N, not necessarily distinct, which we call A1, . . . , As. We would like to
determine the number of solutions of the equation

n = a1 +a2 + · · ·+as (1.1)

for a given n ∈ N, with the constraint that a j ∈ A j for j = 1, . . . , s, or, failing that, we would
like to prove that the same equation has at least one solution for “sufficiently large” n. In fact,
we can not expect, in general, that for very small n there will be a solution of equation (1.1).
Furthermore, depending on the nature of the sets A j, there may be some arithmetical constraints
on those n that may be “represented” in the form (1.1).

In Waring’s problem we take an integer k ≥ 2, and all sets A j are equal to the set of the k-th
powers of the natural numbers: the goal is to prove that there exists an integer s(k) such that ev-
ery natural number has a representation as a sum of at most s k-th powers. This has been proved
by Hilbert by means of a very intricate combinatorial argument. Another interesting problem
is the determination of the minimal value of s such that equation (1.1) has at least one solution
for sufficiently large n ∈ N, that is, allowing a finite set of exceptions. We recall Lagrange’s
four square theorem (every non negative integer can be written as the sum of four squares of
non negative integers), and also that if we take k = 2 and s = 2, then the “arithmetical” set of
exceptions contains the congruence class 3 mod 4.

In Goldbach’s problem we set A1 = A2 = P, the set of all prime numbers, and, of course,
we are interested only in even values of n in (1.1).

In both Waring and Goldbach’s problems we may say, somewhat vaguely, that the difficulties
arise from the fact that the sets A have a simple multiplicative structure, but we are adding their
elements.

1.1. The circle method. The method that we are going to describe, that has been widely used
to tackle and solve many additive problems, has its origin in a 1918 paper of Hardy & Ramanu-
jan [23] on partitions. It has been developed by Hardy & Littlewood [21], [22] in the 1920’s,
and, because of their success, it is now referred to as the Hardy-Littlewood, or simply circle,
method.
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2 A. Zaccagnini

In what follows, we shall describe Hardy, Littlewood & Ramanujan’s ideas in some detail.
For the sake of simplicity, we begin with the case of a binary problem, that is, the case where
s = 2. As a further simplification, we assume that A1 = A2 = A . Of course, we also assume
that A is an infinite set. We start by setting

f (z) = fA(z)
def
=

+∞

∑
n=0

a(n)zn, where a(n) =

{
1 if n ∈ A ,
0 otherwise.

(1.2)

Since A is infinite, the function f is a power series whose radius of convergence is 1 (it certainly
has a singularity at z= 1, and it is regular for |z|< 1 by comparison with the sum of a geometric
series). We are interested in the number of the representations of n in the form a1 + a2 with
a j ∈ A for j = 1, 2. Therefore, we set

r2(n)
def
=
∣∣{(a1,a2) ∈ A×A : n = a1 +a2}

∣∣.
By the so-called Cauchy rule for the product of two absolutely convergent power series, when
|z|< 1 we have

f 2(z) =
+∞

∑
n=0

c(n)zn where c(n) = ∑∑
0≤h,k≤n
h+k=n

a(h)a(k). (1.3)

Here a(h)a(k) = 1 if both h, k ∈ A , and otherwise a(h)a(k) = 0, whence c(n) = r2(n). The
same argument proves more generally that

f s(z) =
+∞

∑
n=0

rs(n)zn where rs(n)
def
=
∣∣{(a1, . . . ,as) ∈ As : n = a1 + · · ·+as}

∣∣,
again for |z|< 1. By Cauchy’s theorem, for ρ< 1 we have

r2(n) =
1

2πi

∮
γ(ρ)

f 2(z)
zn+1 dz, (1.4)

where γ(ρ) is the circle whose centre is at the origin and whose radius is ρ. For some sets A it
is possible to determine an asymptotic development for f around the singularities it has on the
circle γ(1), and it is therefore possible to estimate the integral in (1.4) taking ρ as a function of
n whose limiting value is 1.

1.2. A simple example. As a simple example, we set up the circle method to solve a trivial
combinatorial problem: given k ∈ N∗, determine the number of possible representations of
n ∈ N as a sum of exactly k natural numbers. In other words, we want to determine rk(n) :=∣∣{(a1, . . . ,ak) ∈ Nk : n = a1 + · · ·+ak}

∣∣. It is clearly possible to show directly, in a completely
elementary way, that this number is rk(n) =

(n+k−1
k−1

)
.

In this case we obviously have f (z) = ∑
+∞

n=0 zn = (1− z)−1, so that, for ρ< 1,

rk(n) =
1

2πi

∮
γ(ρ)

dz
(1− z)kzn+1 . (1.5)

We remark that the integrand has only one singularity on the circle γ(1), which is a pole. In
this particular case it is possible to compute exactly the value of the integral on the right hand
side of (1.5): in fact, since ρ< 1, we have the development

1
(1− z)k = 1+

(
−k
1

)
(−z)+

(
−k
2

)
(−z)2 + · · ·=

+∞

∑
m=0

(
−k
m

)
(−z)m. (1.6)
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The series on the right converges uniformly on all compact sets contained in {z ∈ C : |z|< 1},
and therefore we may substitute into (1.5) and interchange the integral and the series:

rk(n) =
1

2πi

+∞

∑
m=0

(
−k
m

)
(−1)m

∮
γ(ρ)

zm−n−1 dz

=
1

2πi

+∞

∑
m=0

(−1)m
(
−k
m

){
2πi if m = n,
0 otherwise,

= (−1)n
(
−k
n

)
.

It is not difficult to check that (−1)n(−k
n

)
=
(n+k−1

k−1

)
. We finally remark that the integrand is

fairly small on the whole circle γ(ρ), except for a small arc close to the point z = ρ, that gives
the main contribution to the integral in (1.5). We will make things more precise later in (1.13).

In general, of course, it is not possible to evaluate directly and exactly the integral, and
usually the integrand has several singularities on the circle γ(1). For instance, in order to
compute the number of possible decompositions of an integer n ∈N as a sum of k odd integers,
we need the function g(z)=∑

+∞

m=0 z2m+1 = z/(1−z2), that has two singularities, namely z=±1.
In these cases, one needs asymptotic developments near each singularity. It is an interesting
exercise to repeat the same computations as above in this case, to see how the arithmetical
condition n≡ k mod 2 arises.

We call major arc each region, close to a singularity, where a precise evaluation is performed.
The complement of the set of major arcs is called minor arcs.

We notice a very important feature of (1.3) which we are going to exploit later when dealing
with the Goldbach problem: when it is difficult to prove that r(n) > 0, it may be helpful to
change the definition of the coefficients a(h) in (1.2). Instead of allowing only the values 0 and
1, we may attach a positive weight to each element of the set A : the resulting function will not
count the number of representations anymore as r2(n) does, but it will be positive if and only if
the weighted version is. The rationale is that it should be easier to bound from below a larger
number, and, when dealing with primes it is well-known that θ is a simpler function than π.
This gives the circle method some flexibility.

1.3. Vinogradov’s simplification. The method we just roughly sketched has been used ex-
tensively by Hardy & Littlewood in the 1920’s to prove many results connected to Waring’s
problem, and to carry out the first real attack on Goldbach’s conjecture. In the 1930’s Vino-
gradov introduced a few simplifications that make his method slightly simpler to explain. The
basic idea in Hardy, Ramanujan and Littlewood is to have some fixed function, like f (z)k in the
previous section, and to take ρ as a function of n with a limiting value of 1; furthermore, we
need suitable asymptotic developments for f around the singularities that it has on the circle
γ(1). Vinogradov remarked that only the integers m ≤ n give a positive contribution to r2(n),
as clearly shown by (1.3): following him, in the combinatorial problem of the previous section
we introduce the function

fN(z)
def
=

N

∑
m=0

zm =
1− zN+1

1− z
, (1.7)

where the last equality is valid for z 6= 1. For n≤ N, Cauchy’s theorem yields

rk(n) =
1

2πi

∮
γ(1)

f k
N(z)
zn+1 dz. (1.8)

In this case there are no singularities of the integrand, since fN is now a finite sum, a polyno-
mial: therefore we may fix once and for all the circle of integration. Let us set e(x) := e2πix and
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perform the change of variable z = e(α) in (1.8):

rk(n) =
∫ 1

0
f k
N
(
e(α)

)
e(−nα)dα. (1.9)

This is the Fourier coefficient formula, that gives the n-th coefficient in the Fourier series expan-
sion of the periodic function f k

N
(
e(α)

)
, because of the orthogonality property of the complex

exponential function when n is an integer:∫ 1

0
e(nx)dx =

{
1 if n = 0,
0 otherwise.

(1.10)

Its importance lies in the fact that it transforms an arithmetical problem into one that can be
attacked using standard techniques from real and complex analysis. For simplicity, we set
TN(α) = T (α) := fN

(
e(α)

)
; from (1.7) we deduce that

T (α)def
=

N

∑
m=0

e(mα)

=


1− e

(
(N +1)α

)
1− e(α)

= e
(1

2Nα
)sin(π(N +1)α)

sin(πα)
if α /∈ Z;

N +1 if α ∈ Z.
(1.11)

Figure 1 shows the graph of |T20(α)|. The property that we need to conclude our elementary
analysis concerns the rate of decay of the function T as α gets away from integers: from (1.11)
we easily get

|TN(α)| ≤min
(

N +1,
1

|sin(πα)|

)
≤min

(
N +1,‖α‖−1) (1.12)

where ‖α‖ denotes the distance of α from the nearest integer, that is min{{α}, 1−{α}}, since
T is periodic of period 1, and α≤ sin(πα) for α∈

(
0, 1

2

]
. This inequality shows that if δ= δ(N)

is not too small, the interval [δ,1−δ] does not give a large contribution to the integral in (1.9):
in fact, if δ≥ 1/N and k ≥ 2 we have∣∣∣∣∫ 1−δ

δ

T k
N(α)e(−nα)dα

∣∣∣∣≤ ∫ 1−δ

δ

|T k
N(α)|dα≤

∫ 1−δ

δ

dα

‖α‖k ≤
2

k−1
δ

1−k, (1.13)

and this is o
(
Nk−1) as soon as δ−1 = o(N). In other words, it is sufficient that δ is just larger

than N−1 so that the contribution of the interval [δ,1−δ] to the integral in (1.9) be smaller that
the main term, that we know is Nk−1(k− 1)!−1. This means that the main term arises from a
comparatively small interval around α = 0.

In the case k = 2 we push our analysis a step farther: in fact, it is possible to prove (by
induction plus some trigonometric identities) the formula(sin

(
π(N +1)α

)
sin(πα)

)2
= ∑
|m|≤N+1

(N +1−|m|)e(mα). (1.14)

Of course, the knowledge of this identity is at least as difficult as the knowledge of the correct
answer to the original problem, as was the knowledge of (1.6). Indeed, a much more sensible
approach would be to prove (1.14) by means of this argument, rather than the other way around.
By (1.9) we have

r2(n) =
∫ 1

0

(sin
(
π(N +1)α

)
sin(πα)

)2
e((N−n)α)dα
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FIGURE 1. The graph of the function |T20(α)|, showing that it has a fairly large
peak around integral values of α, and that otherwise it is comparatively small.

= ∑
|m|≤N+1

(N +1−|m|)
∫ 1

0
e((N +m−n)α)dα.

By (1.10), the only non-vanishing integral occurs for m = n−N, so that r2(n) = N +1−|n−
N| = n+1. The point of this example is that one can usually find information on the quantity
r2(n) by using transformations and suitable identities. We develop the subject further in the
next section.

2. GOLDBACH’S PROBLEM

After this fairly long introduction devoted to the mechanism of the circle method, we now
want to set it up in the case of the Goldbach’s problem. Henceforward, the variables p, p1, p2,
. . . , always denote prime numbers. We are interested in the number of representations of n as a
sum of two prime numbers

r2(n)
def
=
∣∣{(p1, p2) ∈P×P : n = p1 + p2}

∣∣,
where p1 and p2 are not necessarily distinct, but we consider p1 + p2 and p2 + p1 as distinct
representations of n if p1 6= p2. For the time being, we do not assume that n is an even integer.
Goldbach’s conjecture, as stated in a 1742 letter to Euler, is that r2(n) ≥ 1 for all even n ≥ 4.
A very crude argument, namely the consideration of the average number of representation of
an even integer n as a sum of 2 primes, shows that we may reasonably expect that r2(n) �
n/(logn)2. In fact, there are about N/ logN odd primes p up to N, hence about N2/(logN)2

couples (p1, p2) of odd primes both below N, and their sums are even numbers that do not
exceed 2N. We may therefore expect that, unless something weird happens, an even integer
n ≤ 2N should get its fair share of representations as p1 + p2, that is, about n/(logn)2. This
argument is quite crude, and neglects all arithmetical aspects of the problem, but it gives an idea
of the expected size of r2(n), and, above all, confirms the expectation that not only r2(n) > 0
for every even n≥ 4, but also that r2(n) tends to infinity quite rapidly, over the sequence of even
numbers. In other words, a “typical” large even integer n should have � n/(logn)2 Goldbach
representations unless there is some obstruction, at present hidden, to prevent it.

For technical reasons that will be clarified later (essentially the same reason why it is easier
to work with the Chebyshev θ or ψ functions rather than the π function) we prefer to consider
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FIGURE 2. The graph of the function |S20(α)| showing peaks close to the
rational values α = 0, 1

2 , ±1
3 ; in α =±1

4 there are no peaks because µ(4) = 0.

a weighted version of the quantity r2(n), that is

R2(n)
def
= ∑

p1+p2=n
log p1 log p2.

In other words, we count each representation of n as p1 + p2 with a weight log p1 log p2: this
will make things easier, while still retaining the most important feature, that is, r2(n) > 0 if
and only if R2(n)> 0. Therefore, the goal of the proof of Goldbach’s conjecture in its original
form, that r2(n)> 0 for large even n, may be achieved by proving that R2(n)> 0 for large even
n. It is also clear that r2(n)∼ R2(n)/(logn)2 for large n. Using the traditional notation we set

S(α) = SN(α)
def
= ∑

p≤N
(log p)e(pα) and θ(N;q,a)def

= ∑
p≤N

p≡a mod q

log p.

By the orthogonality relation (1.10), for n≤ N we have∫ 1

0
S(α)2e(−nα)dα = ∑

p1≤N
∑

p2≤N
log p1 log p2

∫ 1

0
e
(
(p1 + p2−n)α

)
dα = R2(n). (2.1)

Once again, this is the Fourier coefficient formula for the function S2: compare (1.9). Since
there are no singularities whatsoever on the circle of integration (though, strictly speaking, the
circle has now been replaced by the interval [0,1]) we may wonder what plays the role of the
major arcs: the distribution of prime numbers in arithmetic progressions now enters the picture,
and we recall a basic result from analytic number theory.

Theorem 2.1. For any fixed A> 0, there exists a constant C =C(A)> 0 such that for N→+∞

and uniformly for all q≤ (logN)A and for all integers a such that (a,q) = 1 we have

θ(N;q,a) =
N

φ(q)
+E1(N;q,a),

where
E1(N;q,a) = OA

(
N exp{−C(A)

√
logN}

)
.

Before working it out in general, we compute S(0), S
(1

2

)
, S
(1

3

)
, S
(1

4

)
, and compare our

result with the graph shown in Figure 2. It is quite straightforward that S(0) = θ(N;1,1) ∼ N
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by Theorem 2.1; if we compute S
(1

2) we see at once that

S
(1

2

)
= ∑

p≤N
(log p)eiπp = log2− ∑

p≤N
p≡1 mod 2

log p = log2−θ(N;2,1)∼−N,

since all primes p≥ 3 are odd so that eiπp =−1. A quite similar thing happens if we compute
S
(1

3

)
: exploiting the fact that e(x/3) has period 3, we see that

S
(1

3

)
= log3+ ∑

p≤N
p≡1 mod 3

(log p)e2iπp/3 + ∑
p≤N

p≡2 mod 3

(log p)e2iπp/3

= log3+ e2iπ/3
∑

p≤N
p≡1 mod 3

log p+ e4iπ/3
∑

p≤N
p≡2 mod 3

log p

= e2iπ/3
θ(N;3,1)+ e4iπ/3

θ(N;3,2)+ log3

=
(
e2iπ/3 + e4iπ/3)N

2
+O

(
N exp{−C

√
logN}

)
(2.2)

=−N
2
+O

(
N exp{−C

√
logN}

)
,

by Theorem 2.1. We leave the computation of S
(1

4

)
as an exercise to the reader: the most

important difference lies in the fact that the sum of roots of unity that occurs in (2.2) is replaced
by i− i = 0, so that S

(1
4

)
= O

(
N exp{−C

√
logN}

)
.

More generally, we now compute S at a rational number a/q, for 1≤ a≤ q and (a,q) = 1:

S
(

a
q

)
=

q

∑
h=1

∑
p≤N

p≡h mod q

(log p)e
(

pa
q

)
=

q

∑
h=1

e
(
ha

q

)
∑

p≤N
p≡h mod q

log p

=
q

∑
h=1

e
(
ha

q

)
θ(N;q,h) =

q

∑
∗

h=1
e
(
ha

q

)
θ(N;q,h)+O(logq), (2.3)

where the ∗ means that we have attached the condition (h,q) = 1 to the corresponding sum. By
Theorems 2.1 and A.1, and (2.3), for q≤ P := (logN)A we have

S
(

a
q

)
=

N
φ(q)

q

∑
∗

h=1
e
(
ha

q

)
+

q

∑
∗

h=1
e
(
ha

q

)
E1(N;q,h)+O(logq)

=
µ(q)
φ(q)

N +O
(

NPexp{−C
√

logN}
)
, (2.4)

where µ denotes the Möbius function. This formula suggests that |S(α)| is fairly large, unless
of course µ(q) = 0, when α is a rational number a/q, and that the size of

∣∣S(a/q)
∣∣ decreases

essentially as q−1. Since S is a continuous function, we may expect that |S| be large in a
neighbourhood of a/q, and we will exploit this fact to find an approximate formula for R2(n).
We begin by extending the influence of the peak near a/q as much as possible: the simplest
tool to use in this context is partial summation.

Lemma 2.2. For any choice of A > 0, there exists a positive constant C = C(A) such that for
1≤ a≤ q≤ P := (logN)A, with (a,q) = 1 and for |η| ≤ PN−1 we have

S
(

a
q
+η

)
=

µ(q)
φ(q)

T (η)+E2(N;q,a,η) (2.5)
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where
E2(N;q,a,η) = OA

(
N exp{−C(A)

√
logN}

)
.

This is Lemma 3.1 of Vaughan [48]: the main ingredients for the proof are Theorem 2.1,
partial summation, equation (2.4) and Theorem A.1. In a sense, the peak of S at a/q can be
approximated fairly well by means of the peak of T at 0, after a suitable rescaling. Theorem 2.1
implies that the coefficient in S(α) is 1 on average, as the coefficient in T (α), which is a much
easier function to work with.

For q≤ P, we denote by M(q,a) :=
[a

q −
P
N ,

a
q +

P
N

]
the major arc pertaining to the rational

number with “small” denominator a/q, and write

M
def
=

⋃
q≤P

q⋃∗
a=1

M(q,a) and m
def
=

[
P
N
,1+

P
N

]
\M,

where, once again, ∗ means that we attach the condition (a,q)= 1. Therefore, M is the set of the
major arcs, and Lemma 2.2 suggests that it is the set where |S| is fairly large and comparatively
easy to approximate within reason. Its complement m is the set of the minor arcs: we will
see below in §3 that we do not have much control on the size of |S| there. We translated the
integration interval from [0,1] to

[
P/N,1+P/N

]
in order to avoid two “half arcs” at 0 and 1,

but this is legitimate since all functions involved have period 1.
The proof of this Lemma shows clearly that the major arcs can not be too numerous or too

wide if we want to keep the resulting error term under control. We will use this result to find a
quantitative version of Goldbach’s conjecture, that was first justified along these lines by Hardy
& Littlewood [21, 22].

For n≤ N, from Equation (2.1) we deduce

R2(n) =
∫ 1

0
S(α)2e(−nα)dα =

(∫
M
+
∫
m

)
S(α)2e(−nα)dα

= ∑
q≤P

q

∑
∗

a=1

∫ P/N

−P/N
S
(

a
q
+η

)2

e
(
−n
(a

q +η
))

dη+
∫
m

S(α)2e(−nα)dα

= RM(n)+Rm(n),

say. From now on we write ≈ to indicate an expected asymptotic equality. For the time being
we neglect the contribution of the minor arcs Rm(n) and all the error terms that have arisen so
far. By Equation (2.5) we have

RM(n)≈ ∑
q≤P

q

∑
∗

a=1

∫ P/N

−P/N

µ(q)2

φ(q)2 T (η)2e
(
−n
(a

q +η
))

dη

= ∑
q≤P

µ(q)2

φ(q)2

q

∑
∗

a=1
e
(
−na

q

)∫ P/N

−P/N
T (η)2e(−nη)dη. (2.6)

We extend the integral to the whole interval [0,1] and recall the result from the previous section:∫ 1

0
T (η)2e(−nη)dη = ∑

m1+m2=n
m1≥0,m2≥0

1 = n+1∼ n. (2.7)

Since (P/N) ·N→ ∞, we see that (1.13) implies that the interval [P/N,1−P/N] gives a con-
tribution o(n). Therefore we expect that

RM(n)≈ n ∑
q≤P

µ(q)2

φ(q)2

q

∑
∗

a=1
e
(
−na

q

)
= n ∑

q≤P

µ(q)2

φ(q)2 cq(n), (2.8)
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where cq is the Ramanujan sum defined in Theorem A.1. The next step is to extend the sum-
mation to all q≥ 1, with the idea of using Theorem A.2, since the summand is a multiplicative
function of q by Theorem A.1: we skip the detailed proof that the error term arising from this
operation is of lower order of magnitude.1 Now, assuming that the error term can in fact be
neglected, by Theorem A.2, the right hand side of Equation (2.8) becomes

RM(n)≈ n ∑
q≤P

µ(q)2

φ(q)2 cq(n)≈ n ∑
q≥1

µ(q)2

φ(q)2 cq(n)

= n∏
p

(
1+ fn(p)+ fn(p2)+ . . .

)
(2.9)

where the product is taken over all prime numbers and fn(q) := µ(q)2cq(n)/φ(q)2. Obviously
fn(pα) = 0 for α≥ 2, and for α = 1 Theorem A.1 (or a direct computation) implies that

fn(p) =
µ(p)2

φ(p)
µ
(

p/(p,n)
)

φ
(

p/(p,n)
) =


1

p−1
if p | n,

− 1
(p−1)2 if p - n.

If n is odd, the factor 1+ fn(2) vanishes, and Equation (2.9) predicts that we should not expect
any representation of n as a sum of two primes. In fact, if n is odd then R2(n) = 0 if n−2 is not
a prime number, and R2(n) = 2log(n−2) if n−2 is a prime number: the result in (2.9) should
be understood as RM(n) = o(n). Conversely, if n is even we may transform Equation (2.9) by
means of some easy computation:

RM(n)≈ n∏
p|n

(
1+

1
p−1

)
∏
p-n

(
1− 1

(p−1)2

)

= 2n ∏
p|n

p>2

(
p

p−1
· (p−1)2

p(p−2)

)
∏
p>2

(
1− 1

(p−1)2

)

= 2C0n ∏
p|n

p>2

p−1
p−2

= nS(n), (2.10)

where 2C0 is the so-called twin-prime constant, and S(n) is the singular series defined by

C0
def
= ∏

p>2

(
1− 1

(p−1)2

)
and S(n)def

= 2C0 ∏
p|n

p>2

p−1
p−2

. (2.11)

For n odd it is convenient to put S(n) = 0. Equation (2.10) is the asymptotic formula for R2(n)
found by Hardy & Littlewood: of course, it would imply the truth of Goldbach’s conjecture,
but it is much stronger. In §3 we explain why, in the current state of knowledge, it is impossible
to prove it. It is clear from (2.10) that the weighted number of representations depends on the
size of n and also on its prime factorisation: it is a nice exercise in sieve theory to see why it
has to be so.

We conclude this section noticing that Equation (2.1) implies that

R2(n)≤
∫ 1

0
|S(α)|2 dα = ∑

p≤N
(log p)2 ≤ θ(N) logN ∼ N logN

1Actually, this is strictly true only on average over n: see Vaughan [48], Chapter 3.
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by Theorem 2.1, so that for n close to N the expected asymptotic formula (2.10) does not differ
too much from this upper bound. A bound of the right order of magnitude and with an explicit
constant is provided by sieve methods: see Theorem 3.11 of Halberstam & Richert [19].

3. OVERCOMING THE DIFFICULTIES

For the sake of brevity, we only describe the two more important questions that remain to be
settled: the approximation of the Chebyshev θ function, and the contribution of the minor arcs.

3.1. Approximation of the Chebyshev theta function. The approximation of θ provided by
the Prime Number Theorem for Arithmetic Progressions 2.1 is quite weak for two main reasons:
we remarked above that it is only valid in a fairly restricted range of values for q, and this forces
a rather small choice of P, the parameter that we use to define the major arcs.

The second reason is that is that the upper bound known today for the error term is too large:
in fact, it is conjectured that its true order of magnitude is much smaller. It is well known
that the difference θ(N;q,a)−N/φ(q) depends essentially on a sum whose summands have the
shape Nρ/(φ(q)ρ), where ρ denotes the generic complex zero of suitable Dirichlet L-functions.
In the simplest case, when q = a = 1, the relation referred to can be written in the form

θ(N) = N− ∑
ρ∈C s. t. ζ(ρ)=0

ρ=β+iγ
|γ|≤T

Nρ

ρ
+O

(
N
T
(logN)2 +

√
N
)

(3.1)

where ρ = β+ iγ is the generic zero of the Riemann zeta function with β ∈ (0,1), and T ≤ N.
This is known as the explicit formula, and it suggests that it might be a good idea to replace the
function T (η) defined in (1.11) with a different approximation for S(η), namely

K(η)
def
= ∑

n≤N

(
1− ∑

|γ|≤T
nρ−1

)
e(nη) (3.2)

where the coefficient of e(nη) is the derivative with respect to N of the first two terms in (3.1),
evaluated at n, since if f is regular, then ∑ f (n)∼

∫
f (t)dt. The approximation for S given by

(3.2) is valid only in a neighbourhood of 0, but we can find similar approximations valid on each
major arc introducing the Dirichlet L-functions. Variants of this idea have been successfully
used in several problems.

It is well known that the optimal distribution for prime numbers is achieved if all real parts β

of all zeros ρ = β+ iγ of the ζ function with γ 6= 0 are equal to 1
2 (Riemann Conjecture): in this

case, θ(N) = N +O
(
N1/2(logN)2). Similarly, if all zeros β+ iγ of all Dirichlet L-functions

with β ∈ (0,1) have real part 1
2 (Generalised Riemann Conjecture), then for q≤ N

θ(N;q,a) =
N

φ(q)
+O

(
N1/2(logN)2

)
. (3.3)

The exponent of N in the error term of (3.3) is optimal, and it can not be replaced by a smaller
one. In particular, Goldbach’s Conjecture does not follow from the Generalised Riemann Con-
jecture (3.3). We finally remark that the general case q > 1 is harder than the case q = 1:
in fact in the present state of knowledge it is still not possible to rule out the existence of a
real zero β ∈ (0,1) of some Dirichlet L-function, with β very close to 1. This, essentially,
is the reason why we had to impose a rather severe limitation for q in Theorem 2.1. In fact,
the contribution from this zero would be ±Nβ/(φ(q)β), that is, very close to the “main term”
N/φ(q), and it might spoil the asymptotic formula for θ(N;q,a) for this particular value of q,
with consequences on the asymptotic formula for R2(n). See the detailed discussion in §6.
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3.2. The contribution from minor arcs. The main problem concerning minor arcs is that it
is not possible to give an individual estimate for their contribution: it is comparatively easy to
prove that on average over the integers n∈ [1,N] the minor arcs give a negligible contribution to
R2(n), but it is not possible to prove the same thing for any single n. By the Fourier coefficient
formula, Bessel’s inequality and the Prime Number Theorem 2.1 with q = 1 we have

∑
n≤N

∣∣∣∫
m

S(α)2e(−nα)dα

∣∣∣2 ≤ ∫
m
|S(α)|4 dα≤ sup

α∈m
|S(α)|2

∫ 1

0
|S(α)|2 dα

= O
(

N logN sup
α∈m
|S(α)|2

)
.

Equation (2.4) suggests (and the following Lemma proves, albeit in a slightly weaker form) that
the supremum in the last formula should be roughly N2P−2, since if α ∈m then it is “close” to
a rational with denominator > P.

Lemma 3.1 (Vaughan). For 1≤ a≤ q≤ N with (a,q) = 1 and |η| ≤ q−2 we have

S
(

a
q
+η

)
� (logN)4(Nq−1/2 +N4/5 +N1/2q1/2).

This is Theorem 3.1 of Vaughan [48]. It implies that

∑
n≤N
|Rm(n)|2 = ∑

n≤N

∣∣∣∫
m

S(α)2e(−nα)dα

∣∣∣2 = O
(
N3(logN)9P−1), (3.4)

since every point on [0,1] is within q−2 of a rational a/q (this is an elementary result of Di-
richlet), and on the minor arcs q > P by definition. In its turn, Equation (3.4) implies that for
the majority of values n ∈ [1,N] we have that |Rm(n)| is of lower order of magnitude than the
contribution from the major arcs provided by (2.9). A more precise statement follows in §4.

We remark that the measure of the minor arcs is 1+ o(1), so that the major arcs represent
only a tiny portion of the interval [0,1].

4. RESULTS FOR “ALMOST ALL” EVEN INTEGERS

In this section we find it convenient to incorporate “evenness” in the variable, and write 2n
in place of n as earlier. The argument sketched in §2 is not strong enough to prove Goldbach’s
Conjecture, but it can still be used to prove some interesting, albeit weaker, results. In particu-
lar, we now prove that integers 2n such that R2(2n) = 0 are comparatively rare: more precisely,
let us set E :=

{
2n : R2(2n) = 0

}
. This is the so-called “exceptional set” for Goldbach’s prob-

lem. We will prove that, given B> 0, we have |E ∩ [1,N]|= OB
(
N(logN)−B).

Theorem 4.1. Given B> 0 we have

∑
2n≤N

∣∣R2(2n)−2nS(2n)
∣∣2�B N3(logN)−B. (4.1)

Notice that the trivial upper bound for the left-hand side of (4.1) is N3. A bound o
(
N3)

would yield an exceptional set of size o(N).
Sketch of the proof. Using the ideas in §2, it is not too difficult to give a rigorous proof of the
fact that for 2n≤ N we have

RM(2n) = 2nS(2n,P)+OA
(
n(logn)P−1) (4.2)

using Lemma 2.2 and Equations (1.12), (2.6)–(2.7), where

S(m,P)def
= ∑

q≤P

µ(q)2

φ(q)2 cq(m). (4.3)
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Theorems A.2, A.1 and standard estimates concerning Euler’s φ function, show that

∑
2n≤N

∣∣S(2n,P)−S(2n)
∣∣2� N(logN)2P−1. (4.4)

The elementary inequality |a+b+ c|2 ≤ 3
(
|a|2 + |b|2 + |c|2

)
implies that

∑
2n≤N

∣∣R2(2n)−2nS(2n)
∣∣2� ∑

2n≤N

∣∣RM(2n)−2nS(2n,P)
∣∣2

+ ∑
2n≤N

∣∣2nS(2n,P)−2nS(2n)
∣∣2 + ∑

2n≤N

∣∣Rm(2n)
∣∣2

� N3(logN)2−2A +N3(logN)2−A +N3(logN)9−A

� N3(logN)9−A

by (3.4), (4.2)–(4.4). Theorem 4.1 follows choosing A≥ B+9. �

Finally, let E ′(N) :=
{

2n ∈
[1

2N,N
]

: R2(2n) = 0
}
= E ∩

[1
2N,N

]
. Equation (2.11) implies

that S(2n)≥ 2C0, so that

∑
2n≤N

∣∣R2(2n)−2nS(2n)
∣∣2 ≥ ∑

2n≤N
R2(2n)=0

|2C02n|2 ≥ ∑
N/2≤2n≤N
R2(2n)=0

8C2
0n2 ≥ 1

2
C2

0
∣∣E ′(N)

∣∣N2,

and |E ′(N)|= OB
(
N(logN)−B) for any fixed B > 0 by Theorem 4.1. The result for E ∩ [1,N]

follows by decomposing the interval [1,N] into O(logN) intervals of type
[1

2M,M
]
. It is easy to

see that this argument proves rather more: in fact, let E ′′(N,X) :=
{

2n ∈
[1

2N,N
]

: |R2(2n)−
2nS(2n)|> X

}
for some large X . Then, arguing as above, we see that

∑
2n≤N

∣∣R2(2n)−2nS(2n)
∣∣2 ≥ ∑

2n∈E ′′(N,X)

∣∣R2(2n)−2nS(2n)
∣∣2 ≥ X2|E ′′(N,X)|.

By Theorem 4.1 we have |E ′′(N,X)| �B N3X−2(logN)−B. Taking X = N(logN)−B/3, say, we
deduce that R2(2n) = 2nS(2n)+O

(
N(logN)−B/3) for all even integers 2n∈ [1,N] with at most

O
(
N(logN)−B/3) exceptions. In other words, the asymptotic formula holds, within a small

error, for all even integers outside an exceptional set of small size. In a sense, the summation
over n in (4.1) turns this into a ternary problem, like the one we are about to discuss.

5. VINOGRADOV’S THREE-PRIME THEOREM

The circle method can be successfully applied to many different problems: for example,
using a notation consistent with the one above, we have

R3(n)
def
= ∑

p1+p2+p3=n
log p1 log p2 log p3 =

∫ 1

0
S(α)3e(−nα)dα

if n ≤ N. An argument similar to the one in the previous sections shows that R3(n) is well
approximated by the contribution of the major arcs alone, and this yields

R3,M(n) =
1
2

n2S3(n)+OA

(
n2(logn)−A

)
, (5.1)

for any positive A. Here S3(n) = 0 if n is even and

S3(n)
def
= ∏

p-n

(
1+

1
(p−1)3

)
·∏

p|n

(
1− 1

(p−1)2

)
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if n is odd. Having three summands in place of two changes radically the nature of the problem:
we are content to remark that in this case an individual upper bound for the contribution of the
minor arcs to R3(n) is indeed possible. In fact, for n≤ N and q> P Lemma 3.1 implies that∣∣∣∫

m
S(α)3e(−nα)dα

∣∣∣≤ sup
α∈m
|S(α)|

∫ 1

0
|S(α)|2 dα = O

(
n2(logn)4P−1/2

)
, (5.2)

and this is of the same size of the error term in (5.1), provided that we take, as we may, P a
large power of logN.

Finally, we conclude noticing that a very simple computation shows that the twin-prime
problem is naturally linked to Goldbach’s conjecture: in fact, we immediately have

θN(n)
def
= ∑

p2≤N
p2−p1=n

log p1 log p2 =
∫ 1

0
|S(α)|2e(−nα)dα.

This means that the two problems are strictly related and are of the same degree of difficulty,
at least in the quantitative form.

6. STRONGER BOUNDS FOR THE EXCEPTIONAL SET

The procedure explained in §4 allows one to obtain an exceptional set for the Goldbach
problem of size �A NL−A for any fixed A > 0: this is due to van der Corput [7], Estermann
[12] and Tchudakoff [44] (late 1930’s). It should be noticed that there is a link between the main
parameters N and P and the size of the exceptional set, that turns out to be, essentially, N/P. In
order to improve upon this, and to obtain an exceptional set of size N1−δ for some δ > 0, say,
one should be able to take P = Nδ. Reviewing the proof above, we see that the main obstacle
to this is the level of uniformity in Theorem 2.1. We know that, at least unconditionally, this
is the best that one can obtain (see the discussion in §20 of Davenport [8]). On the other hand,
Vaughan’s estimate in Lemma 3.1 gives exactly what is needed in general, provided that P is
as large as a power of N.

A slightly stronger (in an appropriate sense) version of Theorem 2.1 can be obtained if one
refrains from estimating the contribution of all zeros, as in (11) from §20 of Davenport, but is
willing to compute exactly, as far as this is possible, the contribution of the so-called “excep-
tional” (or Siegel) zero. We now define precisely what this zero is.

Definition 6.1 (Exceptional zero). There is a positive constant c1 such that there is at most one
real primitive character χ̃ to a modulus r̃ ≤ N such that L(s, χ̃) has a real zero β̃ satisfying

β̃> 1− c1

logN
.

This is taken verbatim from Davenport, §14. It should be remarked that L-functions associ-
ated to real imprimitive character χ induced by χ̃ also vanish at β̃. Of course, the conductor of
χ is a multiple of r̃.

Theorem 6.2. For any fixed C > 0 there exists D = D(C)> 0 such that

θ(N;q,a) =
N

φ(q)
− χ̃(a)Nβ̃

φ(q)β̃
+O

(
N exp(−D(logN)1/2)

)
uniformly for q ≤ exp(C(logN)1/2) and (a,q) = 1. The term containing χ̃ is present only if
there exists an exceptional zero for a modulus r̃ ≤ N according to Definition 6.1, and r̃ | q.
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This is (9) from §20 of Davenport [8], with ψ replaced by θ, which is legitimate in view of
the size of the error term.

The idea of retaining one term arising from the zeros can be traced back to the partially
successful attempt by Vaughan [47] to reduce the size of the exceptional set in Goldbach’s
problem to N1−δ. It was fully accomplished in the famous paper by Montgomery & Vaughan
[39], and, anticipating a little, it has been brought to perfection by Pintz [41] in 2006. Of course,
the treatment of this term entails some technical complications, and also a new, important tool.

Vaughan used Theorem 6.2 in order to obtain a much more precise approximation for S on
the major arcs than the one we obtained in the previous sections. This entails a delicate analysis
of the “secondary main term” that arises, as well as the singular series associated to it.

We notice that if n is not in the exceptional set E and the exceptional zero exists, then no
asymptotic formula for R2(n) can be given, but only a positive lower bound for it, because the
term containing the contribution of the exceptional zero turns out to be almost of the same size
as the main term and it may affect its order of magnitude. See (6.2) below.

6.1. Gallagher’s Prime Number Theorem. We do not describe Vaughan’s original approach,
but we just say a few words about the (technically more difficult) solution given by Montgomery
& Vaughan in [39], where we will need Gallagher’s Prime Number Theorem.

Lemma 6.3 (Gallagher). There exist positive absolute constants c2 and c3 such that

∑
q≤P

∑
∗

χ(q)
max
x≤N

max
h≤N

(
h+

N
P

)−1
∣∣∣∣∣

x

∑
#

x−h
χ(p) log p

∣∣∣∣∣� G(P)exp
{
−c2

logN
logP

}
, (6.1)

provided that exp
(√

logN
)
≤ P ≤ Nc3 . The symbol # attached to the sum means that when

q = 1 it must be replaced by
x

∑
x−h

log p− ∑
x−h<n≤x

n>0

1,

and when there is an exceptional character χ̃ it must be replaced by
x

∑
x−h

χ̃(p) log p+ ∑
x−h<n≤x

n>0

nβ̃−1.

Finally,

G(T ) =

{
1 if β̃ does not exist,
(1− β̃) logT if β̃ exists.

This is Theorem 7 of Gallagher [15], in the modified form given by Montgomery & Vau-
ghan (see Lemma 4.3 in [39]). With this modification, it becomes effective. We remark that
the presence of the factor G(P) in (6.1) is an occurrence of the so-called Deuring-Heilbronn
phenomenon. If a “bad” exceptional zero exists, that is one which is very close to s = 1, then
the contribution of the other zeros to the left-hand side of (6.1) is “small.” This is a crucial
feature of the technique developed in [39].

We cut a very long (and technical) story short. Using Gallagher’s Lemma 6.3 to bound error
terms, Montgomery & Vaughan found that

RM(n) = nS(n)+ Ĩ(n)S̃(n)+ error term, (6.2)

where S̃(n) is a generalised singular series satisfying |S̃(n)| ≤S(n), and

Ĩ(n) = ∑
k∈(P,n−P)

(
k(n− k)

)β̃−1 ≤ nβ̃.



Additive problems with prime variables 15

The summand Ĩ(n)S̃(n) is present only if an exceptional zero (defined with respect to a power
of the parameter P) occurs. In case of a “bad” exceptional zero β̃, that is, if β̃ is very close
to 1, the two terms on the right of (6.2) might be of the same order of magnitude, and, as far
as we can tell, S̃(n) could be negative. A careful analysis is needed to conclude that R2(n) is
positive, although perhaps not of the “expected” magnitude nS(n), for all even n ≤ N outside
an exceptional set E satisfying |E ∩ [1,N]| � N1−δ. The “localisation” of the exceptional zero
(that is, a precise form of Definition 6.1) is a crucial feature of the proof. See §14 of [8].

7. THE NEW EXPLICIT FORMULA FOUND BY PINTZ

Pintz recently found a new explicit formula for R2(n): it is Theorem 10 of [41]. The starting
point is the same as in Vaughan and in Montgomery & Vaughan, namely the approximation
of S by means of K, but instead of estimating the contribution of non-exceptional zeros, Pintz
computes as exactly as possible the contribution of each zero, both of the zeta function and of
suitable L-functions. This led him to a spectacular result for the exceptional set in Goldbach’s
problem, with the bound |E ∩ [1,N]| � N2/3.

The explicit formula itself is rather cumbersome. Here we just show how to “guess” its
shape, using the approximation K(η) defined by (3.2), inserting it in the formula for the major
arc around 0 and performing the integration disregarding error terms. This yields one of the
terms in Pintz’s explicit formula. Let E(T ) = {ρ = β+ iγ : ζ(ρ) = 0, β ∈ [0,1], |γ| ≤ T}. Then,
using (3.2), we have∫ P/N

−P/N
K2(η)e(−nη)dη = ∑

m1≤N
∑

m2≤N

(
1− ∑

ρ1∈E(T )
mρ1−1

1

)
×

(
1− ∑

ρ2∈E(T )
mρ2−1

2

)∫ P/N

−P/N
e((m1 +m2−n)η)dη. (7.1)

Following Pintz, for ρ ∈ E1(T ) := {1}∪E(T ) we let

A(ρ) =

{
+1 if ρ = 1,
−1 if ρ 6= 1,

and we rewrite (7.1) as∫ P/N

−P/N
K2(η)e(−nη)dη = ∑∑

m1≤N
m2≤N

∑∑
ρ1∈E1(T )
ρ2∈E1(T )

A(ρ1)m
ρ1−1
1 A(ρ2)m

ρ2−1
2

∫ P/N

−P/N
e((m1 +m2−n)η)dη

≈∑∑
m1≤N
m2≤N

∑∑
ρ1∈E1(T )
ρ2∈E1(T )

A(ρ1)m
ρ1−1
1 A(ρ2)m

ρ2−1
2

∫ 1

0
e((m1 +m2−n)η)dη

= ∑∑
ρ1,ρ2∈E1(T )

A(ρ1)A(ρ2) ∑∑
m1,m2≤N
m1+m2=n

mρ1−1
1 mρ2−1

2

≈ ∑∑
ρ1,ρ2∈E1(T )

A(ρ1)A(ρ2)
∫ n

0
tρ1−1(n− t)ρ2−1 dt

= ∑∑
ρ1,ρ2∈E1(T )

A(ρ1)A(ρ2)nρ1+ρ2−1
∫ 1

0
uρ1−1(1−u)ρ2−1 du

= ∑∑
ρ1,ρ2∈E1(T )

A(ρ1)A(ρ2)nρ1+ρ2−1B(ρ1,ρ2),
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where B is the Euler Beta-function. This, apart from general lack of precision in estimating
the ensuing error terms, is the expected contribution from the major arc around 0. A similar
summand arises for each major arc, but with a weight of an arithmetical nature that gives rise to
the so-called “generalised” singular series. Of course, the really deep question is how to keep
the error term small. At the time of writing (March 2012) details have not yet been published.

The actual shape of Pintz’s explicit formula is a linear combination of terms of the type
A(ρ1)A(ρ2)nρ1+ρ2−1B(ρ1,ρ2) with coefficients given by suitable “generalised singular series”
of arithmetical significance, as in (6.2). Here ρ1 and ρ2 range over the set of zeros (and poles) of
Dirichlet L-functions associated to primitive characters whose conductor (essentially) divides n.
The main term occurs for ρ1 = ρ2 = 1, that is, it is contributed by the pole of the Riemann zeta-
function considered as a Dirichlet L-function associated to the primitive character modulo 1.
As a corollary, ∣∣RM(n)−nS(n)

∣∣≤ εnS(n) (7.2)

for all even n ≤ N, provided that C(ε)n is not a multiple of all “generalised exceptional mod-
uli” ri for which a “generalised exceptional character” exist. Here C(ε) is a suitable positive
constant. We conclude observing that the number of such “generalised exceptional characters”
depends only on ε, and their moduli are bounded from below. Another consequence of Pintz’s
explicit formula is that RM(n)� nS(n) for all even integers n. Pintz’s formula with just the
two summands with ρ1 = ρ2 = 1 and ρ1 = ρ2 = β̃ reduces to (6.2).

A word of warning is in place, here. It is usually not too difficult to guess the shape of the
main term in additive problems like Goldbach’s, and also, as we have just seen, the shape of
some “secondary” terms, although, as usual in Analytic Number Theory, the real difficulty lies
in keeping the error terms under control: we recall what Hardy said (see pages 15–19 of [20])
concerning the comparative ease in guessing the deepest results in Analytic Number Theory.

7.1. Approximations to the Goldbach Conjecture. It may seem a bit absurd to speak about
“approximations” to a problem where everything is discrete as in this case. In a sense, the
ternary Goldbach problem discussed in §5 is an approximation, as Chen’s result [6]: in the
former case we have 3 variables instead of 2, in the latter we look for solutions of the equation
n = n1 +n2 where the total number of prime factors of n1 and n2 is at most 3 instead of 2. The
question is how to find something that is somehow “closer” to the binary Goldbach problem.

A somewhat loose way of comparing the difficulty of different additive problems is to intro-
duce the concept of density. Recalling the notation in §1, we say that the set A1 has density
α1 if there are about Nα1 elements in A1∩ [1,N] (give or take some logarithmic factors, say).
We associate to the equation (1.1) the density ρ = α1 + · · ·+αs, so that the binary Goldbach
problem has density 2, the ternary Goldbach problem has density 3, and so on. As a rule of
thumb, a large number of variables and a large density gives an easy additive problem, whereas
a small number of variables combined with low density gives rise to a very difficult problem.
Of course, the density has to be at least 1 if we want to be able to represent “almost all” integers,
except for arithmetical constraints. In fact, the discussion in §1 and 2 shows that nρ−1 is, very
roughly speaking, the average number of representations of n in the form (1.1). Of course, now
we are neglecting arithmetical constraints.

Another type of approximation would be to consider the equation n = p1 + p2 +mk where k
is a fixed, large integer. This is a ternary problem with density ρ = 2+1/k, which can be made
as close to 2 as we please. However, Montgomery & Vaughan’s technique already applies to
the equation n = p+mk (see Brünner, Perelli & Pintz [5] and Vinogradov [49] for k = 2 and
[50] for general k ≥ 3) with some technical difficulties due to the low density ρ = 1+1/k, as
well as to the fact that the truncated singular series associated to this problem is not absolutely
convergent.
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7.2. The Goldbach-Linnik problem. A different kind of approximation is given in Lan-
guasco, Pintz & Zaccagnini [29] on the so-called Goldbach-Linnik problem. The goal is to
represent n as the sum of 2 primes and k powers of 2, so that the density is still ρ = 2, in the
sense defined above. In this case we have proved that one can have both an asymptotic for-
mula and an exceptional set of size N3/5(logN)10. This is due to the fact that an arithmetical
averaging allows us to take a larger value of the parameter P than Pintz could in his work on
the exceptional set for the Goldbach problem in [41]. Summing up, although the density in
the Goldbach-Linnik problem is the same as the density in the original Goldbach problem, the
presence of even just one more summand (as in the case k = 1) drastically changes the result.
In fact, the weighted number of representations of n as a sum of two powers of primes and a
power of 2 is

R′′1(n) = ∑
n1+n2+2ν=n

Λ(n1)Λ(n2) = ∑
2ν≤n

R2(n−2ν).

It is plain that the averaging process allows the presence of a small number of “exceptional”
summands R2(n− 2ν), that is summands for which the expected asymptotic formula (7.2) for
the Goldbach problem fails, without affecting the main term for R′′1(n). The event that n−2ν is
in the exceptional set for the Goldbach problem for “many” values ν should be, and in fact is,
quite rare. That is why we get a much smaller exceptional set for the Goldbach-Linnik problem.

It is also important to notice that we do not directly use the properties of the exponential sum
associated to the powers of 2, since its “major” and “minor” arcs are much more difficult to
exploit than in the case of the standard Goldbach problem.

7.3. The role of the Generalised Riemann Hypothesis. If the Generalised Riemann Hypoth-
esis (GRH) is true, then Hardy & Littlewood [21] have shown that it is possible to give a very
strong bound for |E ∩ [1,N]|. Here we simply give the version of Vaughan’s estimate in Lemma
3.1 which is valid under the assumption of GRH.

Lemma 7.1 (Goldston). Assume that GRH holds. Then, for q≥ 1 and N ≥ 2 we have

S
(a

q
+η

)
− µ(q)

φ(q)
T (η)� q1/2N1/2 log(qN)

(
log(qN)+N1/2|η|1/2).

This is Lemma 5 from Goldston [16], and it is a slight variant of Lemma 12 in Baker &
Harman [1]. As a consequence, we can take more numerous and wider major arcs than in the
unconditional case. Using Lemma 7.1 it can be shown that |E ∩ [1,N]| � N1/2(logN)2. We
refer to [16] for the details.

8. REVIVING THE OLD APPROACH

The original setting of the circle method in the paper by Hardy & Ramanujan [23] and in
the subsequent work by Hardy & Littlewood [21], [22], and Linnik [38] used infinite series, as
we explained in §1. This approach is technically more difficult to handle, but it is also slightly
more efficient and precise, especially when dealing with conditional problems, that is, when
some assumption, such as the Riemann Hypothesis, is made. Linnik used this technique in [38]
to give an alternative proof of the three-prime theorem of I. M. Vinogradov (see §5 above).

More recently, this approach has been used by A. I. Vinogradov in [49] when dealing with
the exceptional set for p+m2 (see above) without the excluded-zero technique. In the last
few years, it has been used by Languasco & Zaccagnini in [36] and [37] to improve, albeit
marginally, previous results by Bhowmik & Schlage-Puchta [2] and Friedlander & Goldston
[13], respectively. We briefly describe one such result. Starting formally from the definition
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(see Goldston’s review [17] of Fujii’s paper [14]) one can guess that

∑
n≤N

R2(n) =
1
2

N2−2∑
ρ

Nρ+1

ρ(ρ+1)
+ an error term

where ρ runs over the non-trivial zeros of the Riemann zeta-function. Assuming the Riemann
Hypothesis, Fujii proved that the error term is � N4/3(logN)2, and this was later improved
by Bhowmik & Schlage-Puchta to � N1/2(logN)5. Recently Languasco & Zaccagnini [36]
obtained the bound� N1/2(logN)3 which is essentially optimal in the present state of knowl-
edge. The main reason for the improvement is the fact that one can avoid the use of Gallagher’s
Lemma (Lemma 1 of [15]) at the cost of using infinite series. Other similar formulae will
appear in [32].

9. DIOPHANTINE PROBLEMS

There is a variant of the circle method that can be used to study Diophantine inequalities: it
has been introduced by Davenport & Heilbronn [9] in 1946. The integration on a circle, that
can be equivalently performed on the interval [0,1], is now replaced by integration on the whole
real line. In this type of questions we can not count “exact hits” as in Goldbach or Waring’s
problems, but rather “near misses.” Hence, we need a measure of “proximity” which can be
provided in a number of ways. One could use the characteristic function χ[−η,η] of the interval
[−η,η] as the tool for counting the number of solutions of the inequality −η ≤ x ≤ η. As we
will see presently, though, one essential feature of this method is the rate of decay at infinity
of the Fourier transform of this function, which is too slow. Hence, it will turn out to be more
useful to introduce the function

K̂η(α) = max{0,η−|α|} (9.1)

where η> 0. A simple computation shows that this is the Fourier transform of

Kη(α) =
(sin(παη)

πα

)2
. (9.2)

The crucial property, as we remarked above, is the rate of vanishing at infinity: we have

Kη(α)�min(η2, |α|−2), (9.3)

which is a trivial consequence of (9.2).
For brevity, we only consider problems with prime variables. We assume that we are given

r non-zero real numbers λ1, . . . , λr, and positive real numbers k1, . . . , kr. The goal is to
approximate to a given real number γ by means of values of the form

F(p1, . . . , pk) = λ1 pk1
1 + · · ·+λr pkr

r , (9.4)

where p1, . . . , pr denote primes. Loosely speaking, there are two parameters that measure the
relative difficulty of the problem. One, not surprisingly from what we saw in the classical case,
is the number of variables r: the larger, the easier the problem. The other relevant quantity is
what we called the “density” of the form F in (9.4), that is ρ = ρF = 1/k1 +1/k2 + · · ·+1/kr,
in agreement with the definition in §7.1. If ρ is “small” the goal is to show that∣∣λ1 pk1

1 +λ2 pk2
2 + · · ·+λr pkr

r − γ
∣∣< η (9.5)

has infinitely many solutions for every fixed η > 0. If ρ is “large” one expects to be able to
prove the stronger result that, in fact, some η→ 0 is admissible in (9.5), and, more precisely, it
should be possible to take η as a small negative power of max j p j.

Of course, some hypothesis on the irrationality of at least one ratio λi/λ j is necessary, and
also on signs, if one wants to approximate to all real numbers and not only some proper subset.



Additive problems with prime variables 19

In fact, if all k j were positive integers and all ratios λi/λ j were rational, the values in (9.4)
would all be multiple of some fixed, positive real number, and the approximation problem (9.5)
could be insoluble for sufficiently small η > 0 and γ outside a discrete set. This hypothesis is
usually exploited on the so-called “intermediate” arc.

One interesting feature of this method is that one shows explicitly (in a sense) a sequence
of solutions of the inequality (9.5). In fact, while the results in the previous sections hold for
all sufficiently large values of the main parameter N, in the present problem it will be enough
to show that there is a solution of inequality (9.5) with, say, pk j

j ∈ [δXn,Xn] for all j = 1, . . . ,
r, where δ is a small positive constant, and Xn denotes a suitable sequence with limit +∞. In
practice, if we assume that, say, λ1/λ2 is irrational, we know that there exist infinitely many
solutions of the inequality ∣∣∣λ1

λ2
− a

q

∣∣∣< 1
q2 ,

with a and q ∈ Z and (a,q) = 1, and we take some fixed power of the values q, arranged in
increasing order, as the sequence X (we drop the useless suffix n). We will adhere to tradition
and consider X as the main parameter, and will define the other ones as suitable functions of X ,
although, from a logical point of view, we should use q.

9.1. General setting. Let k ≥ 1 be an arbitrary real number. We need an exponential sum
related to the primes, defined by

Sk(α) = ∑
δX≤pk≤X

log(p)e(pk
α) (9.6)

where δ is a small, fixed positive constant, which may depend on the coefficients λ j, and is
needed for technical reasons. For any measurable set X⊆ R we set

I(η,X) = I(η,X,γ) =
∫
X

Sk1(λ1α) · · ·Skr(λrα)Kη(α)e(−γα)dα. (9.7)

Using (9.2) and (9.6) we see that the number of solutions N (X) of the inequality (9.5) with
pk j

j ∈ [δX ,X ] for j = 1, 2, . . . , r, satisfies

I(η,R) = ∑
δX≤p

k j
j ≤X

j=1,...,r

log(p1) · · · log(pr)
∫
R

Kη(α)e
(
(λ1 pk1

1 + · · ·+λr pkr
r − γ)α

)
dα

= ∑
δX≤p

k j
j ≤X

j=1,...,r

log(p1) · · · log(pr)max(0,η−|λ1 pk1
1 + · · ·+λr pkr

r − γ|)

≤ η(logX)rN (X).

Of course, in the last step we used the characterisation (9.1) for the Fourier transform of K. This
means that a lower bound for I(η,R) automatically provides a lower bound for N (X). We will
show below that it is possible to prove a lower bound of the expected order of magnitude for a
sequence of values of X that depends on the continued-fraction expansion for λ1/λ2. This will
yield infinitely many solutions to the inequality (9.5).

We decompose the real line into three parts: a neighbourhood of the origin, which is called
“major arc” M and that provides the main term for I; An “intermediate arc” m consisting of
an interval on each side of the major arc: the contribution of this set turns out to be small if X
belongs to the sequence of values referred to above; Finally, a “trivial arc” t which contributes
very little, and where we use the upper bound (9.3) for K̂ defined in (9.1).
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9.2. The major arc. We will approximate to the exponential sum Sk defined in (9.6) using the
corresponding exponential sum, with the coefficient log p replaced by its average 1, as in the
previous sections, and the relevant exponential integral:

Uk(α) = ∑
δX≤nk≤X

e(nk
α) and Tk(α) =

∫ X1/k

(δX1/k)
e(tk

α)dt.

Gallagher’s Lemma (Lemma 1 of [15]) allows us to connect the mean-square average of Sk−Uk
to the the so-called Selberg integral, instead of using a pointwise bound: see Brüdern, Cook &
Perelli [4]. Here we just describe the standard case k = 1, although more general cases have
appeared: see Appendix B for a list of papers. The difference between Tk and Uk is very small
by Euler’s summation formula and we will forget about it altogether. For h≤ X let

J(X ,h)def
=

∫ 2X

X
|θ(x+h)−θ(x)−h|2 dx.

In view of the Prime Number Theorem, one may expect that J(X ,h) = o
(
Xh2), at least if h is

not too small with respect to X . For h ≥ Xε, the bound J(X ,h)�ε Xh2 follows immediately
from the Brun-Titchmarsh inequality (see Theorem 3.7 in Halberstam & Richert [19]). The
strongest known bound for J is given in Saffari & Vaughan [43], although the author [52] has
given a weaker result, but still with J(X ,h) = o

(
Xh2), in a slightly wider range for h.

The precise definition of the major arc M depends on the uniformity in h of the bounds for
J(X ,h) referred to above. Its width, that is crucial for the strength of the final result, can be
chosen larger if an average result like the bound for the Selberg integral is used. In practice
one may replace each Sk in I(η,M) as defined in (9.7) by the corresponding Tk: the ensuing
integral can be extended to the whole real line with a small error term (thanks again to (9.3))
and it is fairly easy to compute exactly with a little care: it turns out to be� η2Xρ−1, where ρ

denotes the quantity that we called density above.

9.3. The intermediate arc. Assume for simplicity that k1 = k2 = 1. Here we exploit the
hypothesis on the irrationality of λ1/λ2. It is a comparatively easy deduction from Vaughan’s
Lemma 3.1 that |S1(λ1α)| and |S1(λ2α)| can not both be large if α ∈ m. The reason why this
has to be true is that if α ∈m and we have integers a1, a2, q1 and q2 such that∣∣λiαqi−ai

∣∣< Q
X
, for i = 1 and 2,

and Q is chosen carefully, then at least one between q1 and q2 must be larger than Q. Vaughan’s
Lemma 3.1 then implies that the corresponding S1(λiα) can not be too large. That suitable
integers ai and qi exist follows from Dirichlet’s approximation Theorem.

9.4. The trivial arc. Here the rate of decay of K̂ plays an essential role. We recall that the
Fourier transform of the characteristic function of the interval [−η,η], which would be the nat-
ural function to use in place of Kη, decays too slowly. There is a connection between regularity
in Sobolev spaces and rate of decay at infinity of Fourier transforms. A rather general result of
this type is Lemma 1 of Tolev [46].

APPENDIX A. SOME USEFUL RESULTS

Theorem A.1 (Ramanujan). The Ramanujan sum cq(n) defined below is a multiplicative func-
tion of q, and

cq(n)
def
=

q

∑
∗

h=1
e
(hn

q

)
= µ

(
q

(q,n)

)
φ(q)

φ(q/(q,n))
.
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Theorem A.2 (Euler Product). Let f be a multiplicative function, and assume that the series
∑n≥1 f (n) is absolutely convergent. Then the following identity holds

∑
n≥1

f (n) = ∏
p

(
1+ f (p)+ f

(
p2)+ f

(
p3)+ · · ·

)
,

where the product is taken over all prime numbers and is absolutely convergent.

APPENDIX B. FURTHER READING

The standard reference for the circle method is Vaughan’s monograph [48]: see in particular
Chapter 1. See also Hardy [20] Chapter 8 (in particular §§8.1–8.7), James [26] §5, and Ellison
[11] for the history of Waring’s problem. The genesis of the idea of studying the behaviour
of the generating function in the neighbourhood of many singularities is clearly explained in
Hardy & Ramanujan [23] (in particular §§1.2–1.5) and in Hardy [20] Chapter 8 (in particular
§§8.6–8.7). For Waring’s problem see Hardy & Wright [24] Chapters 20–21 for an introduc-
tion, and Vaughan [48] for a detailed study. For the relationship between Laurent series and
Fourier series see Titchmarsh [45] §13.12. See also the survey by Kumchev & Tolev [27].

Set E := {2n : r2(2n) = 0}. The complete detailed proof that for any A > 0 we have |E ∩
[1,N]|= OA

(
N(logN)−A) is in §3.2 of Vaughan [48]. Montgomery & Vaughan [39] proved the

stronger result that |E ∩ [1,N]| �N1−δ for some δ> 0. A discussion of many problems related
to variants of the Goldbach Conjecture can be found in Languasco [28], while Zaccagnini [51]
deals with “mixed” problems with primes and powers. A heuristic argument in favour of the
twin-prime conjecture can be found in Hardy & Wright [24], §22.20. See the introduction of
Halberstam & Richert [19] for the general setting of the Schinzel & Sierpiński’s conjectures and
the notes for a quantitative version of the same conjectures due to Bateman & Horn. An upper
bound for r2(n) of the correct order of magnitude is contained in Theorem 3.11. See Zaccagnini
[53] for an elementary heuristic argument (based on a variant of Eratosthenes’ sieve) in support
of the asymptotic formula (2.10): in particular see Equations (6), (8) and (10), and the “Coda.”
Other strategies for the proof of Goldbach’s Conjecture are discussed in Ribenboim [42] §4.VI.
See also Guy [18] §C.1 for further references.

For Equations (3.3) and (3.4) see Davenport [8] Chapter 20 and Chapter 25 respectively.
Chen [6] proved that every large even integer can be written as a sum of a prime and of an
integer with at most 2 prime factors: see Halberstam & Richert [19] Chapter 10, or Bombieri
[3] §9 for a comparatively simple proof with 4 in place of 2.

Equation (5.2) is in Davenport [8] Chapter 26. The Ternary Goldbach Problem is discussed
in [8] Chapter 26 or [48] §3.1. Deshouillers, Effinger, te Riele & Zinoviev [10] proved that
if the Generalised Riemann Conjecture is true then every odd integer n ≥ 7 is a sum of three
primes. Theorem A.1 is Theorem 272 of Hardy & Wright [24]. For useful results on the
distribution of primes or the properties of the Riemann zeta function, see [8] Chapters 7–18, or
Ivić [25] Chapters 11–12.

The the excluded-zero technique, introduced by Vaughan in [47], has been exploited also in
Montgomery & Vaughan [39], and developed in Brünner, Perelli & Pintz [5]. It has also been
used in [50], [54], and in Perelli & Zaccagnini [40]. In several of these papers, though, the
set of excluded zeros is large, and we need powerful density theorems for zeros of Dirichlet
L-functions to estimate their total contribution.

For the Davenport-Heilbronn variant of the circle method see Vaughan [48], Chapter 11. For
other recent results concerning Diophantine problems with prime variables see Languasco &
Settimi [30], Languasco & Zaccagnini [31], [33], [35], [34]. The Introduction of [34] contains
full references to recent work in the field.
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